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Dedicated to R.V. Kadison and I.M. Singer 

Abstract. We show that the Kadison-Singer problem, asking whether the pure 
states of the diagonal subalgebra £°°N C B(£ 2 N) have unique state extensions to 
B(£ 2 N), is equivalent to a similar statement in Hi factor framework, concerning the 
ultrapower inclusion C R u , where D is the Cartan subalgebra of the hyperfinite 
III factor R, and w is a free ultrafiter. While we do not settle the problem in this 
latter form, we prove that if A is any singular maximal abelian subalgebra of R, then 
the inclusion A w C R u does satisfy the Kadison-Singer property. 



0. Introduction 

A famous problem posed by Kadison and Singer in the late 1950s ([KS]) asks 
whether any pure state on the diagonal of the algebra B(£ 2 N), of all linear 
bounded operators on the Hilbert space £ 2 N, has unique state extension to B(£ 2 N). 
We will refer to this property of the inclusion of algebras £°°N C B(£°°N) as the 
Kadison-Singer property. As already pointed out in [KS], it is equivalent to the 
following property for operators on the Hilbert space, known as the paving property: 
if x G B(£ 2 N) has only on the diagonal, then for any e > 0, there exists a 
finite partition of N into subsets Yi, ...,Y n , such that if pi G £°°N denotes the 
characteristic function of Yi, viewed as a diagonal operator operator on £ 2 N, then 
||E" =1 piXpi|| < s\\x\\. It was later shown in [Anl, An2] that this is in fact equivalent 
to the following finite dimensional version of the property, known as the uniform 
paving property: for any e > 0, there exists n = n(e) such that for any m and any 
x G B{£^) with on the diagonal, there exists a partition of {1, 2, m} into n sets 
Y{, such that the corresponding diagonal operators satisfy ||EfPixpi|| < s\\x\\. 
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The Kadison-Singer problem has attracted much interest over the years, proving 
to have deep connections to a large number of fields of mathematics, with many 
interesting equivalent re-formulations. Several partial results have been obtained 
so far (see e.g. [Al], [A2], [AkA], [BT], [BeHKW], etc), showing for instance that 
certain classes of operators in B(£ 2 N) can indeed be paved. We refer the reader 
to [CaFTW] for a beautiful, comprehensive account on the state of the art on this 
problem, and on its interdisciplinary aspects. 

In this paper, we attempt a new approach to the problem, based on a reformu- 
lation in Hi factor framework. Recall that a Hi factor is a von Neumann algebra 
M that is infinite dimensional, has trivial center and a completely additive trace 
state r. Hi factors can be viewed as non-commutative versions of the function alge- 
bra L°°([0, 1]), with the r0le of the Lebesgue integral J ■ dfi played by the positive 
functional r : M — > C which satisfies r(l) = 1 (it is a state) and r(xy) = r(yx), 
Vx,y G M (it is a trace). A specific type of (non-commutative) analysis has been 
developed in this framework, often exploiting the interplay between the operator 
norm and the Hilbert-norm implemented by the trace, as well as ergodicity proper- 
ties of the A<i-action of the unitary group of M. One should note that the algebra 
M mXra (C), of m by m matrices with complex entries (~ #(£^J), has both a trace 
state (given by the normalized trace tr) and is a factor, but it is finite dimensional. 
However, inductive limits and ultraproducts of these algebras give rise to Hi factors. 

Thus, the most "basic" example of a Hi factor is the hyperfinite Hi factor 
R of Murray and von Neumann, defined as the infinite tensor product (R, r) = 
®fc(-^2x2(C), tr)k- By [MvN2], R is in fact the unique approximately finite di- 
mensional Hi factor, and by [CI] it is even the unique amenable Hi factor. So 
it can be represented in many different ways, for instance as the group measure 
space Hi factor L°°(X) x T, associated with a free ergodic measure preserving ac- 
tion of a countable amenable group T on a probability space (A, fx). In particular, 
R = L°°([0, l] z ) x Z, where Z rx X = [0, l] z is the Bernoulli action. When viewed 
this way, R has D = L°°(X) as a natural Cartan subalgebra, i.e. a maximal abelian 
*-subalgebra (MAS A) D C R whose normalizer generates R. By [CFW], the Car- 
tan subalgebra of R is in fact unique, up to conjugacy by an automorphism of R. So 
we may represent D C R as the infinite tensor product ~®k{D2)k C ®(M 2X 2(C))fc, 
where D 2 is the diagonal subalgebra in M 2X 2(C). 

But the hyperfinite Hi factor R also has MASAs A C R whose normalizer is 
trivial, i.e. the only unitary elements u G R normalizing A, uAu* = A, are the 
unitaries in A. Such MASAs are called singular and their existence was discovered 
in [Dl]. A typical example of singular MASA is given by the subalgebra L(Z) C R, 
generated by the canonical unitary implementing the Bernoulli action Z rx [0, l] z , 
in the above representation of the hyperfinite factor R = L°°([0, l] z ) x Z. 
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There is an ultraproduct procedure of constructing Hi factors from a free ultrafil- 
ter uonN and a sequence of factors (M m , r), with M m either Hi, or finite dimen- 
sional with dimM m /* oo (see [W], [F]). The initial motivation for our work has 
been the observation that the Kadison-Singer property for £°°N C B(£ 2 N), as well 
as its paving version, are equivalent to the analogue statements for the ultrapower 
inclusions D u C R u , respectively Il w D m C n w M mXm (C). Paving here means that 
if x G R u (resp. x G LT [J M mXm (C)) has trace preserving expectation onto D w (resp. 
hTcj-Dm) equal to 0, then for any e > 0, there exists a partition of 1 with finitely 
many projections pi, ...,p n in D w (resp. H^Dm), such that ||S" =1 pja;pi|| < 

The operator norm of an element y in a Hi factor can be calculated by the 
formula ||y|| = lim n r((y*y) 2n ) 1 ^ 2n . So in order to pave x one needs to control the 
"higher moments" T((y*y) n ) for y = Y^iPiXpi. Our idea here is to approach such 
calculations by using a technique developed in [P8] , which consists of building the 
paving pi by patching together small, "infinitesimal" pieces of projections, with 
"incremental" control of the moments. Ideally, one wants to build the partition 
Pi so that to be "free independent" with respect to the given x, because then the 
paving diminishes the operator norm by -Je if the mesh of the partition is < s, due 
to norm calculations in [V]. 

In the case of the Cartan subalgebra D C R, the independence "breaks" after 
the 3rd moment, more precisely we show that D w C R u contains finite partitions 
with projections pi in D u that are 3-independent to x, but if x normalizes D then 
xux*u* = u*xux*, for any u G D u , so 4-independence fails in general. 

Nevertheless, our approach does provide "free paving" for any ultrapower C 
R w of a singular MASA A C R, in fact for any ultraproduct of singular MASAs in 
Hi factors (N.B.: by [P3] any Hi factor contains singular MASAs). Note that this 
result provides the first instance where the Kadison-Singer property is established 
for a MASA in an infinite dimensional von Neumann factor. 

0.1. Theorem (Kadison-Singer for ultrapowers of singular MASAs). Let 

A m C M m , m > 1, be a sequence of singular MASAs in Hi factors and denote 
A = II w A m C n u M m = M, their ultraproduct, over a free ultrafilter u on N. Then 
A C M satisfies the Kadison-Singer property, i.e. any pure state on A has a unique 
state extension to M. Moreover, A C M has the uniform paving property: ifx&~M. 
has ^-expectation on A, then We > 0, 3 pi, ...,p n partition of 1 with projections in 
A, with n < Ce~ 6 for some universal constant C, such that < e\\x\\. 

As we mentioned before, the way we prove the above result is by showing that 
given any x _L A, there exists a diffuse abelian subalgebra So C A which is free 
independent to x, i.e. any alternating word Hi =1 UiXi, with letters x\ G {x, £*}, 
Ui E B Q C, has trace 0. The presence of "asymptotic freeness" in a MASA 
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A C M characterizes in fact singularity, and for it to be satisfied, asymptotic 4- 
independence is actually sufficient (B C A w is n-independent to X C M u A u if 
r(Ui =1 UiXi) = 0, V/c < n, Ui E Bq Q C, E X). In turn, we will show in Section 3 
and 5.4.1 that existence of asymptotic 3-independence holds in any MASA. 

0.2. Theorem (Characterizations of singularity for MAS As). Let A be a 

MASA in a Hi factor M . The following are equivalent: 

1° A is singular in M ; 

2° A w is maximal amenable in M w ; 

3° Given any countable set X C M u A u , there exists B C A w diffuse such 
that Bq, X are free independent. 

4° Given any countable set X C M A, there exists B C A w diffuse such that 
Bq, X are ^-independent. 

The paper is organized as follows: In Section 1 we recall Kadison- Singer classic 
results from [KS], on the equivalence between the unique state extension of pure 
states from £°°N to B(£ 2 N) and the paving property, as well as other basic facts. In 
Section 2 we prove the equivalence between the Kadison- Singer problem and several 
similar statements in Hi factor framework. In Section 3 we show that given any 
MASA A in a Hi factor M, one can pave any finite set X G M Q A with respect to 
the L 2 -norm given by the trace. This result has already been shown in ([PI]; see 
also A. 1 in [P7]), but we give it here a different proof, by showing that A contains 
finite partitions of arbitrary small mesh that are approximately 2-independent to 
X. In Section 4 we prove Theorem 0.1 (as Corollary 4.3). We do this by utilizing 
the L 2 -paving from Section 3 and the "incremental patching method" from [P8]. 
In Section 5 we derive Theorem 0.2 (as Theorem 5.2.1) and obtain several related 
results, including existence of approximate 3-independence in arbitrary MASAs (see 
Theorem 5.3.1). We also formulate a conjecture strengthening Kadison-Singer (see 
5.7.1), and comment on a way to modify our approach towards settling it. 

While we made an effort to make this paper as self-contained as possible, for the 
most basic results on von Neumann algebras and Hi factors, we refer the reader to 
the classic books [D2], [KR]. 

1. Preliminaries 

We recall in this section a result from [KS] , showing that pure states on a maximal 
abelian von Neumann subalgebra A of a von Neumann algebra M. have unique 
state extensions to Ai if and only if all elements in M. have a certain "paving 
property" relative to A. For the reader's convenience, we have included a proof. It 
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is essentially the original one from [KS], but explained in more modern terms, and 
adding the reformulation of paving in terms of "relative Dixmier property". We 
also introduce some necessary terminology and prove some basic related results. 

1.1. Notation. Let Ai be a von Neumann algebra and A C Ai a maximal abelian 
*-subalgebra (hereafter abbreviated MAS A) in Ai. If x G Ai then we denote by 
C A (x) the norm closure of the convex hull of the set {uxu* \ u G U(A)}. Also, 
given a finite n-tuple of unitaries V = (vi,...,v n ) in A and y G Ai, we denote 
Tv{y) = , n~ 1 T l 7 l =1 Viyv* G C A (y). Note right away that the commutativity of A 
implies Tu(T v (y)) = T v (Tu(y)) for any two such tuples U, V. Also, ||Ti/(y)|| < ||y|| 
and Tu(aiya2) = a\Tu(y)a2, Vai, a2 G A (i.e., the maps T\j are *4-bimodular). 

1.2. Theorem (Kadison-Singer [KS]). If A C Ai is a MASA in a von Neu- 
mann algebra Ai, then the following conditions are equivalent: 

(1.2.1) Any pure state on A has a unique pure state extension to Ai. 

(1.2.2) C A (x) r\A^®,VxeM. 

(1.2.3) C_a(x) fl A is a single point set {E^(x)}, Wx G Ai. 

(1.2.4) For all x G Ai and all e > there exists a finite partition of 1 with projec- 
tions qk G A such that diTi^qkxqk^ A) < e. 

(1.2.5) For all x G Ai, there exists a unique element E(x) G A with the property 
that Ve > 0, 3^ G V(A) a finite partition of 1 such that WTi^q^xq^ — E(x)\\ < e. 

Moreover, if these conditions are satisfied then E[x) = E^(x) and the map E A 
satisfies the following additional properties: 

W 

(i) C A (x) nA = {E A (x)},VxeM. 

(ii) E A is the unique conditional expectation of Ai onto A. 

(Hi) Given any pure state ip on A, ifjoE A is the unique state extension ofifj to Ai, 
and it is a pure state. 

Proof. The implication (1.2.3) =^> (1.2.2) is trivial. If (1.2.2) is satisfied and a, b G 
C A (x) are distinct, then there exist tuples U, V such that ||T{/(x) —a\\ < \\a — b\\/4 
and ||T v (y)-6|| < ||a-6||/4. But \\T v (Tu(x))-a\\ = \\T v (T u (x)~a)\\ < \\Tu(x)-a\\ 
and WTuiTvix)) - b\\ = \\Tu(T v (x) - b)\\ < \\T v (x) - b\\. Thus we have 

\\a - b\\ < \\T v (Tu(x)) - a|| + \\T v (Tu(x)) - T v (T v {x)) \\ + \\Tu(T v (x)) - b\\ 

= \\T v (Tu(x)) - a|| + \\Tu(T v (x)) - b\\ < \\a - b\\/4 + \\a - b\\/4 = \\a - b\\/2, 

a contradiction. This proves (1.2.2) =^ (1.2.3). 

A similar argument shows that (1.2.4) and (1.2.5) are equivalent. 
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Assuming now (1.2.3), we prove (1.2.5) as well as the properties (i) — (Hi). Let 
x G M, \\x\\ < 1, and e > 0. Let u±, u n G A be so that ||T[/(a;) — E A (x) \\ < e/2, 
where U = (u±, u n ). For each i = 1, n let {eij}j G A be spectral projections 
of Ui such that if we denote Vi = HjXijeij, then \\ui —Vi\\ < e/4. Thus, if we denote 
V = (ui,...,u„), then \\T v (x) - T v (x)\\ < e/2 and hence \\T v (x) - £a(x)|| < s. 
By taking into account that if {qk}k denotes a relabeling of the set of projections 
{eij}i,j, then T, k q k T v (x)q k = T, k q k xq k , we thus get 

\\T, k q k xq k - E A (x)\\ = \\T, k q k (T v (x) - E A (x))q k \\ < \\T v (x) - E A (x)\\ < e, 

proving the existence part of (1.2.5). Since any element of the form 'Ejpjxpj, with 
pi, ...,p n a partition with projections in A, is of the form Tw(x) G C A (x), where 
W = w = Y<™ =1 \( l ~ 1 )pi, where A = exp(27ri/n), by the uniqueness in 

(1.2.3) we get the uniqueness part in (1.2.5) and that E(x) = E A (x). We have also 
implicitly shown that (1.2.5) (1.2.2). 

Since A is abelian (thus amenable), there exists a conditional expectation S : 
Ai — > A (obtained by taking a Banach limit of appropriate averages Tjj). By 
(1.2.3), for any fixed x G M. and any e > 0, there exists a tuple V = (i>i, v n ) in 
A such that fixed ||T v (x) - E A (x)\\ < e. Thus 

\\S(x)-E A (x)\\ = \\T v (S(x))-E A (x)\\ 

= \\£(T v (x) - E A (x)) < \\T v (x) - E A (x)\\ < e. 
Since e > was arbitrary, this shows that £(x) = E A (x), VxeM, proving (ii). 

W 

Fix now xq G M. and let yo G C A (x) fl A and {U L } Le i be a net of tuples of 
unitaries in A such that the weak limit of {Tjj t (xo)} L is equal to yo. Let Lim t 
be a Banach limit over t and for each x G M. denote $>(x) = Lim^T^ (x). Then 
$ : .M — > M is linear, positive, ^4-bimodular, $(a) = a, Va G ^4, and $>(xq) = yo. 
But then £(x) = E A ($>(x)) is a conditional expectation of .M onto A satisfying 
£ (x ) = yo- By (ii), this forces y = E A (x ), proving (i). 

Let now ip be a pure state on ^4.. By Gelfand-Naimark, -0 is given by the eval- 
uation at some point in the spectrum O of A (thus O is a hyperstonian compact 
space and A = C(Q)). In particular, ifj is multiplicative and takes only the val- 
ues 0, 1 on the set of projections V(A), with ifi(l) = 1. This implies that any 
state extension ip of ift to A4 has A in its centralizer M.^,. Indeed, because if 
ip(p) = for some p G A, then by the Cauchy- Schwartz inequality for ip we have 
\ip(px)\ < ^(pY^^x^x) 1 / 2 = 0, \ip(xp)\ < ^(ra*) 1 /V(ri 1/2 = 0, Vx G M. Since 
for any projection p G A we either have ^(p) = or ifi(p) = 1 and 1 G this 
shows that V(A) C -M^,, thus all A is contained in M.^. Hence, (p is constant on 
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Ca( x )> which contains E^(x) by (1.2.3), implying that ip(x) = ip(E^(x)). This 
proves (1.2.3) (1.2.1) and (1.2.3) =^ (Hi). 

We have shown so far that (1.2.2) — (1.2.5) are equivalent and that they imply 
(1.2.1) and (i) — (Hi). To prove the remaining implication (1.2.1) =>- (1.2.2), 
let b G M.h and fix a point t G O in the spectrum of A. Letting Co = inf{a(£) | 
a G «4/j,a > b}, ci = sup{a(t) | a G ./U,a < b}, we first show that condition 
(1.2.1) implies cq = c\. For if not, then the maps ipi : A + Cb — > C defined by 
ipi(y + ab) = y(t) +aci, i = 0, 1, y G A, a G C, are well defined, linear and positive; 
thus HV'ill = 1 and by Hahn-Banach each ^ can be extended to a norm-1 linear 
functional <pi : M. — > C; we have thus obtained two states <^0;<£i on -M, which 
extend the pure state t and are distinct (because (po(b) ^ </?i(6)), contradicting 
(1.2.1). Let now e > and for each t G O denote c t = inf{a(t) | a G *4.h,a > 
b} = sup{a(t) | a G ./U, a < 6}. Let af G ^4/,, be such that > b > a~[ and 
c t + e/2 > af(t),(it(t) > c t — e/2. By the continuity of af G A = C(O) as a 
function on O, there exists an open-closed neighborhood Qt of t in O such that 
c t + e/2 > at(t'), at(t') >c t - e/2, W G Q t - Thus, if we denote by p t G C(O) the 
characteristic function of f^, then p t is a projection in A satisfying 

(c t + e/2)p t > afpt > ptbpt > a~[p t > (c t - e/2)p 2 . 

In particular, \\ptbpt — c t pt\\ < s. Since O is compact, there exist t\, t n G O such 
that UiO ti = O. If we now take qi to be the characteristic function of Q tl and 
for each j > 2, to be the characteristic function of Oj \ U^Oi, viewed as a 
projection in A, it follows that WEjqjbqj — EjC^QjH < e with 'EjCt^j G (7^(6). 

□ 

1.3. Remark. The above proof actually shows that properties (1.2.1) — (1.2.4) 
are equivalent for any given element x G M.. More precisely, we have proved the 
following "local" statement: Let A be a MASA in a von Neumann algebra Ai and 
let x G M. The following properties are equivalent: 

(1.3.1) Any two state extensions on M of a pure state on A coincide at x. 

(1.3.2) C A (x) r\A^ 0. 

(1.3.3) C_a(x) fl ^4 is a single point set {E^(x)}. 

(1.3.4) For all e > 0, there exists a finite partition of 1 with projections qk G A 
such that d(Ei~qkxqk, A) < e. 

(1.3.5) There exists a unique element E(x) G A such that for all e > 0, there exists 
a finite partition of 1 with projections qk G A such that ||£fcgfca;gfc — || < e. 

Moreover, if these conditions are satisfied for x, then E(x) = E^(x) and the 
following additional properties hold true: 
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(i) C A (x) nA={E A (x)}. 

(ii) Any conditional expectation £ of M. onto A (which always exist because A is 
abelian) satisfies £(x) = E A (x). 

(Hi) Any extension of a pure state ip on A to a state pnM, satisfies (p(x) = 
^(E A (x)). 

1.4. Definitions. Let M be a von Neumann algebra and A C M. a MASA in .M. 
We will use the following terminology: 

(1.4.1) A C M. satisfies the Kadis on- Singer (abbreviated KS) property if (1.2.1) is 
satisfied. Condition (1.2.4) is referred to as the paving property for A C Ai (the 
term was coined in [A2]). Also, condition (1.2.3) is called the relative Dixmier 
property for A C At, because of its relation to a phenomenon first emphasized in 
[D2] (the "Dixmier averaging by unitaries"). Note that by Theorem 1.2 these three 
properties for A C Ai are actually equivalent, and they imply 1.2(i) — (Hi) as well. 

(1.4.2) An element x G Ai can be paved (over .4.) if condition (1.3.5) is satisfied. 
A set IcM can be paved if each x G X can be paved. If x G Ai can be paved 
and e > 0, then we denote by n(^4 C Ai;x,e) (or simply n(x,e) if no confusion 
is possible) the smallest number n for which there exists a partition of 1 with n 
projections pi, ...,p n G A, such that W^f^Pixpi — £'^.(a;)|| < e\\x — E A (x)\\, where 
E A (x) is given by Remark 1.3. 

More generally, if £ : Ai — > A is a conditional expectation, x G Ai and £ > 0, 
then we say that x can be e-paved with respect to £, if there exists a finite partition 
with projections p±, ...,p n G A such that \\YiiPixpi — £(x)\\ < e\\x — £(x)\\ and we 
denote by n(£; x, e) the smallest number of such projections. If there exists no such 
finite partition, then we let n(£; x, e) = oo. One should note that if £' : Ai — > A is 
another expectation, then ||£'(a;) — £(#)|| < e\\x — £(x)\\ and \\Tnpixpi — £'(x)|| < 
2e\\x — £'(x)\\, so we have n(£;x,e) > n(£';x,2e). Thus, taking one expectation 
or another doesn't really change the nature of the function n(-;x,e) and they are 
all "comparable" to n(d; x, e), which is by definition the smallest n for which there 
exists a partition of 1 with projections pi,....,p n G A such that d(T<iPixpi, A) < 
ed(x, A). In case it is clear from the context what expectations we take, then £ 
will not be mentioned, and we just use the notation n(^4 C Ai;x,e). Also, in case 
there exists a normal conditional expectation of M. onto A (e.g. when Ai = M is 
a finite von Neumann algebra), then £-pavings are always considered with respect 
to this expectation. 

(1.4.3) A set X C M. has the uniform paving property (over A) if it can be paved 

and if n(^4 C M]X, e) = f sup{n(a;, e) \ x G X} is finite, Ve > 0. If this holds true 
for X = M, we say that A C M. has the uniform paving property and use the 
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notation n(A C Ai;e) for n(A C A4; Ai,e). We call this function the paving size 
of A C Ai. We will be interested in the order of magnitude of the (decreasing) 
functions n(A C A4;x,e), i.e. up to the equivalence relation f(e) ~ g(e) for 
functions /, g requiring the existence of positive constants < c < C < oo such 
that c < f(e)/g(e) < C, We > 0. As we will see below, the uniform paving 
property appears naturally in this context, being often equivalent to the usual 
paving property (notably in the case V C B), a fact first pointed out by Anderson 
in [Al], [A2]. 

(1.4.4) Let V = £°°N be the diagonal MASA in the algebra B = B(£ 2 N) of all linear 
bounded operators on the Hilbert space £ 2 N. It is easy to see that the conditional 
expectation B E5 (oijk)j,k<=N ^ ( a kk)k G £> is the unique conditional expectation of 
B onto V and that it is normal. We use the terminology "the classic Kadis on- Singer 
problem" for the question of whether V C B has the KS property. By Theorem 
1.2, this property is equivalent to the paving property for T> C B. The terminology 
" Kadis on- Singer conjecture" is sometimes used for the statement predicting that 
the KS property does hold true for this inclusion, despite the fact that, in their 
paper, Kadison and Singer expressed the belief that the property doesn't actually 
hold true for V C B.... 

The next result summarizes some well known paving properties, notably J. An- 
derson's observations that uniform paving for T> C B is equivalent to paving and 
that the classic Kadison-Singer problem is equivalent to C Mfc X fc(C) having 
uniformly bounded paving size (see [Al], [A2]). 

1.5. Proposition. 0° Let A be a MASA in the von Neumann algebra M., p G 
V(A) a projection and A C M C Ai an intermediate von Neumann algebra. If 
x G pM.p {respectively x G Af) then n(Ap C pA4p;x,e) = n(A C A4;x,e) (resp. 
n(A C Af;x,e) = n(A C M;x,e)). 

1° Let {Ai C M.i}i be a family of MAS As in von Neumann algebras and for each 
i let Xi G Mi, \\xi\\ < 1. Denote A = ®iAi, M = @iMi, x = @iXi G M. Then 
n(A C M; x, e) = supi n(Ai C Mf, Xi, e) and n(A C M; e) = sup^ n(Ai C Mf, e), 
Ve>0. 

2° If a MASA A in a von Neumann algebra M. has the property that there exists 
a sequence of mutually orthogonal projections p n G A with embeddings 9 n : Ai > 
PnAipn such that 9 n (A) = Ap n , Vn, then A C Ai has the paving property iff it has 
the uniform paving property. 

3° The diagonal MASA V = £°°N in the algebra of all linear bounded operators 
B = B(£ 2 N) on the Hilbert space £ 2 N, has the paving property iff it has the uniform 
paving property. Moreover, n(V C £>; e) = sup fc n(Dk C M/ CX / C (C); e), Ve > 0. 
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4° If A is a MAS A in a von Neumann algebra M., with £ : M. —>■ A an expec- 
tation, and 1 > e > 0, then we have sup{n(£; x, e 2 ) \ x G M.} < (sup{n(£; y, e) \ 
y G M.}) 2 . Thus, in order for A C M. to have the uniform paving property, it is 
sufficient that for some e < 1 we have sup{n(£;y,e) | y G M.} < oo. 

Proof. Parts 0° and 1° are trivial and 2° is an immediate consequence of 1°. Then 
2° implies the equivalence in the first part of 3°. 

To establish the formula in 3°, note that if a sequence of projections q n in £°°N 
is convergent in the weak operator topology to some element q G £°°N, then q is 
itself a projection and q n converges to q in the strong operator topology as well. 

The inequality n(V C B;e) > sup fc n(D/ c C Mfc X fc(C);e) is trivial because 
the right hand side is equal to n(@kDk C ©fcMfc X fc(C); e) and one can embed 
©A;Mfc X fc(C) into B in a way that takes ®kDk onto V. 

For the inequality < let T G B be so that ||T|| < 1 and T has on the diagonal. 
Let Pk G T> = £°°N be the projection onto the first k coordinates. Let {pk,j}j 
be a partition of Pk into n = sup fc n(D/ c C Mj~ x j~(C);s) projections such that 
\\T,jPkjTpkj || < e. Let k\ < /C2 < ••• be a subsequence such that {Pk m ,j}m is 
weakly convergent for each j = 1, 2, n and denote by qj the corresponding weak 
limit. By the above observation, qj are projections and the convergence are in 
fact so. Also, since T,jPk m j = Pk m and Pk m so-converges to lg, it follows that 
Sj^j = 1 as well. Thus, {qj}j is a partition of 1 by n projections and since 
{T,jPk m jTpk mj j} m is so-convergent to Yi^qfTq^ and the operator norm is inferior 
semicontinuous with respect to the so-convergence, it follow that HE^T^H < 
limsup m \\^jPk m ,jTpk m ,j\\ < £ - 

Finally, part 4° is immediate from the definitions. □ 

1.6. Remark. While the classic Kadison-Singer problem is still open, one should 
point out that a large number of beautiful paving results have been obtained over 
the years, showing that the equivalent conditions 1.3 are satisfied for many classes 
of operators x G B{l 2r £). Thus, it is shown in [A2] that if x is in the C*-algebra for 
the reduced C*-algebra of the group Z, C*(Z), i.e. in the operator norm-closure of 
the span of the range of the left regular representation A of the group Z, then x 
can be paved. In [BeHKW] it is shown that matrices with non-negative entries in 
MnxniC) can be paved, while in [BT] it is shown that if an element x in the weak 
closure L(Z) ~ L°°(T) C B(£ 2 7j) has Fourier coefficients satisfying certain growth 
properties, then x can be paved. Also, a number of results have been obtained 
in [AkA], [Al], [A2], [CaFTW], etc, showing that in order to solve the paving 
conjecture, it is sufficient to be able to pave certain particular classes of elements 
(e.g. projections with small diagonal entries in [AkA]). 
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2. Kadison-Singer in Hi factor framework 

We prove in this section that the KS property for the inclusion of the diagonal 
MASA V = £°°N into the algebra B = B(£ 2 N), of all linear bounded operators on 
the Hilbert space £ 2 N, is equivalent to the KS property of MASAs in Hi factors 
obtained as ultraproducts of certain Cartan inclusions. Also, we use a dilation trick 
to prove that in order to pave arbitrary elements in an ultraproduct of inclusions 
of MASAs, it is sufficient to pave projections that expect on scalars. 

From now on, we fix once for all an (arbitrary) free ultrafilter u on N. All 
finite von Neumann algebras that we consider are assumed equipped with a faithful 
normal trace state, generically denoted by r (unless otherwise specified) . 

If M n , n > 1, is a sequence of finite von Neumann algebras then, we denote 
by n w M„ their w-ultraproduct, i.e., the finite von Neumann algebra obtained as 
the quotient of @ n M n by its ideal X w = {(x n ) | lim^ r(x^x n ) = 0}, endowed with 
the trace r(y) = lim^r^), where (y n ) n G © n M n is in the class y G ® n M n jX w 
([W]). Recall that if M n are factors and dimM n — > oo, then I\. u M n is a Hi factor 
([W], [F]) and that if A n C M n are MASAs, n > 1, then n^A n is a MASA in 
n^M™ (see e.g. [PI])- If A C M is a MASA in a finite von Neumann algebra, 
then C denotes its w-ultrapower, i.e. the ultraproduct of infinitely many 
copies of A C M. Note that M naturally embeds into M w , as the von Neumann 
subalgebra of constant sequences. 

Recall that a Cartan subalgebra A in a finite von Neumann algebra M is a 
MASA in M whose normalizer Mm {A) = {u G U(M) \ uAu* = A} generates M, 
i.e. M(A)" = M (see [FM]). 

2.1. Notations (a) We denote the inclusion 11^^ C II a; M nXn (C) by D(a;) C 
M(a;), or simply D C M. Note that given any sequence of MASAs A n C M nXn (C), 
the von Neumann algebra Tl n A n G M is unitary conjugate to D in M. One should 
point out that D is not a Cartan subalgebra in M, in fact M has no Cartan 
subalgebras (cf. [P2]; see 2.3.2° below). Also, D, M are non-separable (cf. [F]). 

(b) We represent the hyperfinite II i factor R as the infinite tensor product 
®n(-^2x2(C), tr) n , where tr is the normalized trace on M2 X 2(C). Also, we de- 
note by D C R the Cartan subalgebra obtained as the infinite tensor product of 
the diagonals D2 C M2 X 2(C). Recall that any other Cartan subalgebra A C R is 
conjugate to D by an automorphism of R (cf [CFW]). Thus, if C is the 
w-ultrapower of D C R, then any ultraproduct II a; A n C R", with A n C R Car- 
tan subalgebras, is conjugate to D u by an automorphism 9 = (9 n ) n of R u , where 
9 n G Aut(i?) is so that 9 n (A n ) = D. We denote by R C R u the von Neumann 
algebra V R, generated by and R, or equivalently by D u and Mr{D). 

If T C Mr(D) is any countable subgroup generating the hyperfinite equivalence 
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relation 1Z associated with D C R (cf [FM]), then R is generated by D w and T. 
Moreover, if T acts freely on D, then T acts freely on D u as well and so we can 
view R as the crossed product D u x T. Finally, note that R is an amenable Hi 
von Neumann algebra, but not a factor, in fact any sequence (a n ) n G D w with 
a„ 6 1 ®j>k n (D 2 )j for some k n ->■ oo, lies in i?' n = R' n = Z(R) (the 
center of R) . 

Note that, while D u is Cartan in R, is not Cartan in R u , in fact ir^ has no 
Cartan subalgebras (by [P2]; see 2.3.2° below). 

2.2. Theorem. V C B has the KS property (equivalently, the paving property) if 
and only if~D C M (resp. C resp. D w C R) /ias £/ws property. Moreover, 
all these inclusions have the same paving size (whether finite or infinite): 

(2.2.1) n(V cB;e) = n(D C M; e) = n(D u C e) = n(D u C R; e). 

TTiey a/so /iai>e i/ie same paving size as the Cartan subalgebra inclusions D C 
A/m(D)" and D°" C J\Tr^>{D u )" . 

Proof. Consider the inclusion A = ®™ =1 D n C ®^ 1 M nXn (C) = M and note that 
by 1.5.1° and 1.5.3° we have 

n(D cB;e) = supn(D n C M nXn (C);e) = n(A C M ;e). 

n 

Embed now A into D and then extend this to an embedding of M into R 
so that the matrix units of each direct summand M nXn (C) are in the normalizing 
groupoid of D C R (this is possible because D is Cartan in R; in fact, semiregularity 
is sufficient). Note that this implies Mq and D make a commuting square, i.e. 
Em Ed = EdEm = Ea - Also, we trivially have 

n(D u C R";e) > n(D u C R; e) > n(D u C K;R,e) > n(D u C R;M ,e). 

Let a; = (x n ) n G M C -R be so that Ed^(x) = Ea (x) = and note that 
n(D w C R;x,e) = sup n n(D u C R;x n ,e). Let s n E D C denote the support 
projection of M nXn (C) in A C D. Each D^s,, C (M V is of the form 

C(O) C C(O) ®M nXn (C). Thus, if pi, ...,p m G V{D W ) is a partition of 1 such that 
||SjPjxpi|| < e, then the evaluation at any point t G O of PiS n , 1 < i < m, gives 
a partition of 1m„ x „(C) with m projections qi in D n such that HS^igiXnOill < e. 
This shows that n(D u C R;M ,e) > n(A C M ;e). Since the latter is equal to 
n(D C £>; e) and to sup n n(D n C M nXn (C); e), in order to end the proof of the fact 
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that V C B, D" C R w , D U CR (as well as A C M ) have the same paving size, 
it is sufficient to show that sup n n(D n C M nXn (C);e) > n(D" C i? u ;e). 

To this end, let x = (x n ) n G R u D u and note that one can take each x n to 
belong to R D and such that ||x n || < ||x|| + c n , Vn, for some c n — > 0. Moreover, 
since there exists an increasing sequence of 2 k x 2 k matrix subalgebras M 2 k C R 
with diagonal subalgebra D 2 k C -D making a commuting square with D C R such 
that UfcM 2 fc = -R and U k D 2 k = D, we may replace each x n by Eu^ hn (x n ), and 
thus assume x n G M 2 fc„ D 2 k n , Vn. Let {<?™}j C be a partition of 1 with 

K = sup n n(D n C M nXn (C);e) projections such that \\ 1 Ef =1 q 1 jX n q'j\\ < e||x n ||. If 
we denote by qj = {q^) n £ it follows that \\'E£_. 1 qjxqj \\ < e\\x\\. This proves 
the desired inequality. 

Let now e > and assume m = n(V C B;e) = sup n n(D n C M nXn (C);e) is 
finite. Any x G M with ||x|| < 1 and E D (x) = can be represented by a sequence 
x = (x n ) n with x n G M nXn (C) such that ||x n || < 1 + c n , ED n (x n ) = 0, for some 
c n — >■ 0. For each n there exists a partition of 1 with projections p™, 1 < j < m, 
such that HE^j^p^np^H < e(l + c n ). But then p^ = (p™) n G D gives a partition 
of 1 satisfying W^f^pjxpjW < e. Thus, sup n n(D n C M nXn (C);e) > n(D C M;e). 

Conversely, assume m = n(D C M; e) is finite. Let x be an element in M fexfc (C), 
for some /c > 1, with ||x|| < 1, Eo k (x) = 0. For each n larger than k, embed 
M kxk (C) into M nXn (C) by first letting n = kd n + r n , with d n ,r n G N, r n < k, 
then letting G D n be mutually orthogonal projections of trace k/n, and then 
identifying D k C M kxk (C) with -DnSj 1 C s™M nXn (C)s 1 j via some isomorphism 6*™, 
for each j = 1, d n , and mapping diagonally 

M kxk (C) 3 y r (y) d = Ej^(y) G X^ lS ]M nxn (C)s] C M nXn (C). 

Then consider the embedding : M fcxfc (C) ->• M, by 6(y) = (6 n (y)) n . Let 
Pi, ...,p m G P(D) be a partition of 1 such that ||EjPj#(:r)pj|| < e. One can then 
choose representing sequences pi = (p™ ) n , with p" G V(D n ), 1 < z < m, a partition 
of 1 for each n. We claim that for any 5 > there exist n and j G {1, d n }, such 
that \\J: i p 1 ls]e j (x)p]s]\\ <e + 5. 

Indeed, for if not then for every n and j = l,...,d n the spectral projection of 
\^iPfs'jOj(x)p'jS'j\ corresponding to the interval [e + 5, 1] is non-zero, thus having 

trace at least 1/n. Since \'E i pf9 n (x)pf\ = E •™ 1 |Ejp^s"0"(a;)p"s"|, the spectral 
projection corresponding to [e + 5, 1] of \T li p r /9 n {x)p r /\ has trace > d n /n. But this 
implies that the spectral projection corresponding to [e + 5/2, 1] of \T,iPi9(x)pi\ = 
(\Z i p 1 /6 n (x)p 7 /\) n G M has trace > lim n d n /n = 1/k. Thus \\E i p i e{x)p i \\ >e + 5/2, 
a contradiction. 
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If we now choose some n and j G {1, d n } satisfying \\T, i pfs'j9'j(x)p'jS'j\\ < e+5, 
and let q t , 1 < i < m, be the pre-image in D fc of the partition {p^s'Jji via 6> n , then 
ll^i^ift^^ill < £+5. Letting 5 = 1/n, n = 1, 2, we obtain a sequence of partitions 
of 1 by projections {(/i(n), q m (n)} n in Dk satisfying ||E™ -^a^H < e + l/n. But 
the unit ball of is compact in the operator norm, so by taking the limit over 
some subsequence, we get a partition of 1 with projections qi,---,q m £ -Dfc with 
llEiQiXQill < e. Thus, m > n(Dk C M^je), and since k was arbitrary, m > 
sup fc n(D fc C M k ;e). 

Finally, since D" C R C Af(D")" C i?", we have 

n(D w C R;e) < n(D w cjV M (D)";£) < n(D w C 

and since the first and last terms are equal, they must all be equal. Similarly, 
D C Af(D)" C M implies n(D C Af(D)";e) < n(D C M;s), while arguments 
above show that sup n n(D n C M nXn (C);e) < n(D C jV(D)";e), with the first of 
these terms equal to n(D C M;e). 

□ 

If M is a finite von Neumann algebra with its faithful normal trace state r, 
then we denote by ||x||2 = t(x* G M, the L 2 (or Hilbert) norm given 

by the trace. We denote by L 2 M the Hilbert space obtained by completing M 
in this L 2 norm and view M in its standard representation, as left multiplication 
representation on L 2 M. We also use the notation L X M for the completion of M 
in the norm ||x||i = r(|x|). We view the elements in L 2 M (resp. L 1 M) as square 
summable (resp. summable) operators affiliated with M C B(L 2 M), in the usual 
way. All self-adjoint elements affiliated with M (in particular elements in L 2 M, 
L X M) have spectral decomposition belonging to M and they can be multiplied. In 
particular, we have L 2 M ■ L 2 M = L X M. 

A finite von Neumann algebra M with a normal faithful trace is separable if it is 
separable with respect to the || • ||2-norm given by the trace. This condition is easily 
seen to be equivalent to M being countably generated. A von Neumann algebra 
is diffuse if it has no minimal (non zero) projection. Any abelian von Neumann 
algebra A which is diffuse and separable is isomorphic to L°°([0, 1]) (or to L°°(T)). 
Moreover, if A is endowed with a faithful normal state r, then the isomorphism 
A ~ L°°([0, 1]) can be taken so that to carry r onto the integral J ■ dfi, where ji is 
the Lebesgue measure on [0, 1]. 

It is well known that all separable diffuse abelian von Neumann subalgebras in 
an utraproduct Hi factor are unitary conjugate (see e.g. [P2]). We will show below 
that any Hi factor M that has this property will automatically have several other 
properties, like absence of Cartan subalgebras (already noticed in [P2]) and the 
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fact that in order to pave arbitrary elements over a MASA in M, it is sufficient 
to pave projections that expect on scalar multiples of f . (Note that in Anderson's 
formulation of the KS problem as the uniform paving property in M/ cX / c (C), k oo, 
the reduction of the problem to paving special elements, such as projections with 
constant diagonal, has been subject of much study, see [AkA], [A2], [CaFTW], etc). 

2.3. Proposition. 1°. Assume a Hi factor M has the property that given any 
projection p G M , any two separable diffuse abelian von Neumann subalgebras of 
pMp are unitary conjugate. Then M satisfies the following properties 

(a) Given any MASA A in M , there exists a diffuse abelian von Neumann sub- 
algebra Bq C M perpendicular to A. 

(b) M has no separable MASAs and no Cartan subalgebras. 

(c) If A is a MASA in M , then A C M has the paving property iff any projection 
in M that expects on a scalar multiple of a projection in A can be paved. Moreover, 
if To denotes the set of such projections, then the paving size n(e) of Ad M satisfies 
n(e) < n(A C M; Vo, £/50) 2 (e _1 + l) 2 . 

2° If {M n } n is a sequence of finite von Neumann factors with dimM n — > oo, 
then the ultraproduct Hi factor M = U w M n satisfies the assumption in part 1°, 
i.e., given any projection p G M, any two separable diffuse abelian von Neumann 
subalgebras of pMp are unitary conjugate. Thus, M = H w M n satisfies properties 
(a), (6), (c) as well. 

Proof. 2° is well known (see e.g. Lemma 7.1 in [P2]). 

1° Part (a) is shown in the proof of Theorem 7.3 in [P2], but let us recall the 
argument here for completeness. Let D C A be a separable diffuse von Neumann 
subalgebra. Since any two separable diffue abelian subalgebras in M are unitary 
conjugate and since M contains copies of the hyperfinite Hi factor, we may assume 
D is the Cartan subalgebra of such a subfactor R C M, represented as D = D® 00 C 
M 2x2 (C) <g)00 = R. Let D% C M 2x2 (C) be a maximal abelian subalgebra of M 2x2 (C) 
that is perpendicular to D 2 and denote D° = D®® 00 C R. Then D _L D° and since 
both D, D° are MASAs in R, we have E D , nM {D Q ) = E D , nR (D G ) = E D (D°) = C, 
i.e. D° ± D' n M D A, proving (a). 

To prove (6), let A be a Masa in M. If A is separable, then it has a diffuse proper 
subalgebra, Aq C A, which cannot be unitary conjugate to A because it is not a 
MASA. Moreover, by part (a), there exist separable diffuse abelian subalgebras 
D, D° in M such that D C A and D° JL A. Let u G U{M) be so that uDu* = D°. 
Then u is perpendicular to the normalizer of A in M. Indeed, because for any 
v G N"m(A) and any partition pi G D of mesh < s, we have 
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\t(uv)\ 2 = Ir^iPiUvpi)] 2 < WEiPiiivpiWl = Y> % T{u*piUvpiV*) = E^r^) 2 < e. 

Since e > was arbitrary, t(uv) = 0. Thus u _L ftf M (A)". 

To prove (c), note first that for any MASA in a Hi factor M and any x G M, 
the paving size over A of any element a; G M behaves well with respect to scalar 
translations and multiplications: 

(1) n(x, e) = n(x + al, e), n(ax, e) = n(x, e/\a\). 

Now note that if y G M is a 5-perturbation of x G M , then any e-paving of y 
gives a e + 5 paving of x, more precisely: 

(2) If \\x-y\\ <5(l + £)- 1 ||x-£; A (a;)|| and - £ A (y))Pi|| < - E A {y)\\, 
then 

|| EiPi (a; - £?x(aj))Pi|| 

< II0& - y) - #a(z - y)|| + || EiPi(l/ - £U(y))pj|| 

< || (x - y) - E A (x -y)\\ + e\\y - E A {y)\\ 

< (1 + e) || {x-y)-E A {x-y)\\+e\\x- E A {x) \\ 

< (e + 6)\\x-E A (x)\\ 

(3) If x\,X2 G M can be paved, then x\ + X2 can be paved. More specifically, 
if x = y\ + yi = Hi, is the decomposition of x into its real and imaginary 
parts, then \\yi\\ < ||x|| and so if p^, <fy- G "P(A) are partitions of 1 such that 
\\^jP l jViP l j-E A {yi)\\ < e\\yi-E A (yi)\\, % = 1,2, then the partition {p fc } fc = {p\p 2 j } l ,j 
satisfies 

||EfcPfcsPfc - #a(»|| < W^kPkViPk - Ea(vi)\\ + W^kPkV2Pk - E A (y 2 )\\ 

< W^jpjyip] - E A ( yi )\\ + \\Z d p)y2p) - E A (y 2 )\\ 

< e\\ yi - E A ( yi )\\ + e\\ yi - E A ( yi )\\ < 2e\\x - E A {x)\\. 

Thus, n(x, 2e) < n(3?x, e)n(^sx, e). 

Let now x = x* G M with E A (x) = and ||x|| = 1. Note that y = 12 _1 (x + 
5||x||) satisfies 1/3 < yo < 1/2, thus 1/3 < E A (y ) < 1/2. Denote by be the 
spectral projection of E A (y ) corresponding to the interval [1/3 + (fe — l)e/6, 1/3 + 
fee/6) and note that there are < e -1 + 1 many such non-zero projections. If we 
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denote t k = 1/3+ (k — l)e/6, a k = E A (y )e k , then t^efc > a k > t k -\e k . Thus, if we 
denote 6 = Y< k t k \a k then 1 < 6 < 1 + e/2 and (1 + e/2)" 1 / 2 < < i. Notice 

now that y = b^^y^b' 1 ! 2 satisfies E A (y) = Y> k t k e k , 1/3 - e/12 < y < 1/2 and 
\\y -y\\ < 2 1| 1 -6" 1/2 ||||?/o|| < ||1 -6~ 1/2 || < e/A. 

We now split each e k into the sum of four projections e k G Ae k , of equal trace 
T ( e l) = r ( e fc)/4, e k = E^ =1 e J k , and denote y kj = e J k ye J k . We still have \\e 3 k y e J k - 
VkjW < e/4, with (1/3 - e/\2)e 3 k < y kj < l/2e J k and E A (y kj ) = t k e J k . Let p J k G 
A(l — e k ) be a projection of trace r(e k — y k )/t k . To see that this is possible, we 
need to have r(e 3 k — y k )/t k < r(l — e J k ), which is easily seen to hold true due to our 
choices. Note also that r(p J k ) > T(e J k ). Take B to be a separable diffuse abelian 
von Neumann subalgebra of p k Mp k which is perpendicular to Ap k . Let f k be a 
projection in B such that r(f k ) = r(e k ). Let v G M be a partial isometry such 
that v*v = e 3 k and vv* = f k , which due to the assumption that any two separable 
diffuse abelian von Neumann subalgebras of f k Mf k are unitary conjugate, can be 
chosen so that in addition we have v(e k — y k j)v* G B . 

Denote g kj = y kj + v{e\ - y kj )v* + v(y kj (e J k - y kj )) 1/2 + (ykj(e J k - y kj )) 1/2 v*. It 
is easy to check that g\ - = g k j, i.e., g k j G V(M). Moreover 

E A (g kj ) = E A (p J k g kj p J k + e J k g kj e J k ) = E A (v(e J k - y kj )v*) + E A (y kj ) 
= r(v(e{ - yk 3 )v*)/T(p J k )p> k + t k e{ = t k (p> k + e{). 

Thus, by our assumption, each one of the projections g k j G (p k + e k )M(p k + e k ) 
can be paved over A(p k + e k ). Thus y k j = e k g k je k can be paved, so Efc^e^ye^, can 
be paved, implying that y can be paved. By (2), it follows that yo can be paved, 
and by (1), x can be paved as well. Thus, any selfadjoint element can be paved, so 
by (3) any element in M can be paved. 

Moreover, if we keep track of the number of projections necessary in the above 
pavings we see that in order to e/2-pave a selfadjoint element, n("Po, e/50)(e~ 1 + 1) 
many projections are sufficient. By (3), we get that n(e) < n("Po, £/50) 2 (e _1 + l) 2 . 

□ 

2.4. Remarks. 1° Let 4 C M be a MASA in a IL factor and x G M04, ||x|| < 1. 
If we view x as an element in M w , then its £-paving number over A w is equal to n 
iff for any 5 > 0, there exists a partition of 1 with projections pi, ...,p n G V(A) with 
the property that the spectral projection of \Y,iPixpi\ corresponding to the interval 
(e, oo) has trace < 5. 

2° We already mentioned in 2.1 (6) several properties of the algebra R: given any 
representation of R as crossed product D x T, for some free action of a (necessarily 
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countable amenable) group r on D, V acts freely on D w as well and we have 
R = D w xi T; thus, R is amenable and has D w as a Cartan subalgebra, but it has 
large, non-separable center. In addition, note that due to Rohlin's theorem and 
F0lner's condition for amenable groups, any two free actions of the same amenable 
group T r\ D u are conjugate by a unitary element in Mr^^D^). Moreover, the 1- 
cohomology for D w C R vanishes, so if T, A C Mr(D) are two countable amenable 
groups of unitaries that implement free actions on D and A : V ~ A is a group 
isomorphism, then there exists u G Mr^(D u ) such that uu g u* = A(ti g ), \/u g G Y. 
In particular, if U\,U2 G Mr(D) act freely on D, then there exists u G A/"r^ (D^) 
such that uuiu* = u^- Note that in fact all these properties hold also for countable 
amenable subgroups V C A/m(D) acting freely on D. 

3° Recall that in (4.1. (in) and 4.3.3° of [P10]) it was shown that if B is a 
separable amenable von Neumann subalgebra in a Hi von Neumann algebra M 
such that the Pimsner-Popa index [PiP] of the inclusions pBp C pMp is infinite for 
any projection p G B, p ^ 0, then there exist non-normal conditional expectations 
of M onto B, and thus Eb is not the unique conditional expectation of M onto B. 
In particular, if A is a separable MASA in a Hi von Neumann algebra M , then Ea 
is not the unique conditional expectation of M onto A, and thus A C M cannot 
have the KS property, nor the paving property. We recall the argument in [P10], 
emphasizing a simplification that occurs in the case of a MASA. 

First one constructs a singular state ip on M with (f\ B = r as follows: Like in 
[P10], the hypothesis implies 3b n G L 1 M + with r(s(b n )) < 2" n , E B (b n ) = 1. (In 
the case B = A is a MASA in M, the argument becomes much simpler, as one can 
take b n = 2 n q n G M, with q n the following projection: let G A be a partition 
of 1 with 2 n mutually equivalent projections and complement it to a set ejk G M 
of matrix units, then define q n = 2 _n Ej ) / c e J fc, which is a projection in M with 
EA(q n ) = T>kekkE A {qn)ekk = E A(^kekkq n ekk) = 2" n .) Then <p n = r(- b n ) defines 
a normal state on M which, since £ , g(6 n ) = 1, satisfies r(yb n ) = r(y), \/y G B. Take 
if to be a state on M obtained as a weak-limit of <p n . Then we still have <p\B = r |s 
while is singular on M (because for each fixed n we have ip(l — V m > n s(6 n )) = 
and lim n (l - V m > n s(6 n )) = 1). 

Next, since B is amenable, by Connes' Theorem we can find a countable amena- 
ble subgroup Uq C U(B) such that Uq = B. For each x G M, put tfj(x) = 
J ip(uxu*)du, where the integral is in the Banach limit sense, over an invariant 
mean on the countable amenable group Uq. Then ip defines a state on M which 
is in the cr(M*, M)-closure of a countable set of singular states on M. By [Ak], it 
follows that ip is singular as well. Also, by its definition, ip has the span of Uq in 
its centralizer and i/j\b = t \b- If now a G -B is arbitrary and a n G spWo, ||a n || < \\x\\ 
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are so that \\x — b n \\2 — > 0, then by Cauchy-Schwartz inequality for ifj, for all x G M 
we have 

\ip(ax) - ip(a n x)\ < ip{{a - a n )(a - a n )) l/2 ip(x* : x) 1/2 
= r((a - a n ){a - a n )*) 1/2 ip(x*x) 1/2 = \\a - a n \\ 2 ^(x*x) 1/2 ->• 0. 

Similarly, \ip(xa) — ip(xa n )\ — > 0. Since tfj(a n x) = ip(xa n ), Vn, this shows that 
ip{ax) = ip(xa), i.e. B is in the centralizer of ip. Taking E : M — > B to be the 
unique conditional expectation satisfying ift(E(x)a) = ift(xa), Vx G M, a G -B, we 
have constructed this way a singular (thus non-normal) conditional expectation of 
M onto B. 

3. Paving in the L 2 -norm 

Given a MASA A in a finite von Neumann algebra M and x an element in M 
with Ea(x) = 0, our strategy for estimating the norm of its paving y = 'EiPixpi, 
for pi G V(A) a partition of 1, will be to calculate the moments r((y*y) n ) and use 
the well known formula ||y|| 2 = lim n T((y*y) n ) 1 ^ n . More generally, in order to have 
\\y\\ < c, we need to prove that r((y*y) n ) < c 2n , for large enough n. One way of 
controlling these moments is to construct the partitions {pi}i C A so that to have 
"high order of independence" with respect to x. 

We will use the following terminology in this respect: Two sets V,W C MQC are 
n-independent if any alternating word x\y\....Xkyki with k < n and x± G V U {1}, 
X2, ••, Xk G V, yi, yyti G W, € If U {1}, has trace 0. An algebra So C M is 
n-independent to V if V and BoGC are n-independent. Note that 1-independence 
amounts to what one usually calls r-independence. In our work, independence will 
in fact also appear (more or less implicitly) relative to subalgebras. The "generic" 
meaning of such relative independence is the following: if a von Neumann subalge- 
bra B\ C M is given, then V, W are n-independent relative to Bi, if any alternating 
word with at most 2n letters in V, W has 0-expectation onto B\. 

In this section we prove a general fact along these lines, showing that given any 
MASA A in a finite von Neumann algebra M, we can find partitions of 1 in A 
that are "asymptotically 2-independent" with respect to any given countable set of 
elements in MqA. In other words, given any countable set X C MqA, there exists 
a diffuse abelian subalgebra So C A w such that any word with at most 4 alternating 
letters in X and Bo 9 C has trace 0. In particular, ||piX»j||2 = HPilhllPjIhH^lh, 
for any Pi,Pj G V(A), x G X, so any partition pi G Bq with small mesh gives 
L 2 -pavings of x G X, simultaneously for all x G X: \\TjiPiXpiW 2 , = \\x\\ 2 'EiT(pi) 2 < 
maxi{T(pi)}i\\x\\?,. We construct such partitions recursively, but another method, 
where moments are controlled through incremental patching, can be used instead 
(see Section 5.3). 
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3.1. Lemma. 1° If £ G L 2 M, u G U{M) are so that u 2 = 1, \t(£*u£u*)\ < c||£|||, 
for some 1 > c > 0, then pi = (1 + u)/2, p 2 = (1 — u)/2 is a partition of 1 with 
projections satisfying < (1 + c)/v^2||£||2- If in addition |r(n£*£)| < 

cU\\land \t(u)\ < c/2, then \\p^ Pi h < (1 + 2c)/v / 2||£||2|N| 2 , i = 1,2. 

2° J/ f G L 2 M and u G W(M) safe/y r(f*u£u*) < c\\£\\l, for some c < 
2~ r , and n > 2 7 , then the spectral projections {efc}i<fc< n of u defined by e k = 
e[ e 2-Ki(k-i)/n !e 2-xik/n)(u), give a partition of 1 and satisfy W^kek&klU < 3/4||£|| 2 . 

Proof 1° We have ||f + u£u*||| = 2||f||| + 23fa-(£*<«*) < (2 + 2c)||f|||. Since 
P1&1 +P2&2 = 2" 1 (£ + <«*), we get Ibi^pi +P2CP2II2 < (! + c )/ 2 ll^ll2 and the 
first part of the statement follows. If |r(u£*£)| < c||£||2 and \t(u)\ < c/2 as well, 
then |r(pi) - 1/2| = |r(u)|/2 < c/4. Thus r(pi) > 1/2 - c/4 > 1/4 and also 
1/2 < r(pi) + c/4 < r(pi)(l + c)/4, so we get: 

IbiCPilll = r((l + u)£*(l + u)0/4 = r(rO/4 + r«*0/2 + r«*<)/4 

< (1/4 + 3c/4)||e||i < (1 + 3c)/2||e||l(l + c)r( Pl ) < (1 + 3c) 2 /2||eill IIjPx III- 
Similarly, by using that p 2 = (1 — u)/2, we obtain 

||P2^2||1< (1 + 3c)/2||e|||(l + c)r(p 2 ) <(l + 2 C ) 2 /2||^||^|b 2 ||i 

2° We may clearly assume ||£|| 2 = 1. Note that if we denote A& = e 27Tlk / n : 
then \\u — EfcAfcefcH < \2iri/n — 1| < 2% jn. Since the elements {ej£ek}i<j,k<n are 
mutually orthogonal in the Hilbert space L 2 M, by using first Pythagora's theorem 
and then the inequality |A*Afc — 1| < 2, Vj, fc, we get: 

4 - 4||E fc e^e fc || 2 = 4||£|| 2 - 4||E fc e^e fc || 2 = A\\E^ k e^e k \\l 

> ||£ j/fc (A*A fc - l)e^e fc ||l = || (^-A* ei )e(S fe A fe e fc ) - ^111 

> Ke«-e|l2-4||«-EfcA fc e fc || 

= 2 - 2Sftr(£*«*£«) - 4||u - S fc A fc e fc || > 2 - 2c - 8n/n. 

If we now choose c < 2~ 7 and n > 2 7 , then from the first and last term of the 
above estimates we get 

||£ fc e fc £efc||2 < 1/2 + c/2 + 2n/n < 9/16. 

□ 
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3.2. Remark. For the following lemmas, it will be useful to recall that a unitary 
representation % of a group G on a Hilbert space H is weak mixing if any of the 
following equivalent conditions is satisfied: 

(3.2.1) Given any finite subset F C H and any e > 0, there exists g E G such that 
|<7r(<7)(£),r7>|<e,V£,77eF; 

(3.2.2) 7r has no non-zero finite dimensional invariant subspaces Ho C "H; 

(3.2.3) The representation 7r <g> 7f of G on "H "H is ergodic, i.e. it has no fixed 
non-zero vectors. 

(3.2.4) For any finite dimensional subspace Ho C "H and any £ > 0, there exists 
g G G such that Tr{g)(H ) ± £ fto, i.e. \{ir(g)(Z),ri)\ < IICIHMI, V£,V e Wo- 

3.3. Lemma. If B G M is a diffuse von Neumann subalgebra, then the action Ad 
o/ z£s unitary group U(B) on 1?{M (£?' n M)) is weak mixing. Moreover, if B is 
abelian, then the restriction of this Ad-action to the subgroup of period 2 elements, 

U°(B) = f {u G U{B) | u 2 = 1}, is still weak mixing. 

Proof. If the action is not weak mixing, then there exists a non-zero finite dimen- 
sional subspace H C L 2 (M (B' n M)) satisfying uU u* = Ho, V-u G U{B). In 
particular, if A C -B is a diffuse abelian subalgebra of £? and W° = W°(A) denotes the 
group of unitaries of period two in A as in part 2°, then Ho is invariant to the repre- 
sentation £ i — y Ad(it)(£) = w£k* of W° on "Ho- Since the image of this representation 
is an abelian subgroup V° of U{Hq), it can be diagonalized. Thus, Ho = EjC£j, 
with £i,£2) ••••)Cn an orthonormal basis of % such that Ad(W°)(£j) C T£j, Vj, and 
since any element in V° has period 2, we actually have Ad(W°)(£j) C {±£j}, Vj. 
But the group (U°, \\ H2) is Polish and contractible. This can be seen by taking a 
|| • I ^-continuous path {p t \ < t < 1} C V(A) with r(pt) = t, pt < pt> iff t < t', 
then defining the continuous path of group morphisms $t : U°(A) — > U°(A), by 
®t(u) = pt + u(l-p t ), which satisfies <5>o(u) = u, $>i(u) = 1, Vu e W°(A). Since W° 
is contractible and the representation Ad is continuous, and since the one dimen- 
sional representation u >->■ Ad(tt) lies in {±1}, this representation must be trivial, 
i.e. u£jU* = £j, Vw G ZY°, Vj. Hence, w£ = £m for all £ G "Ho and for all u G W(A) 
(because U° generates A as a von Neumann algebra). Since any u G U{B) lies in 
a diffuse abelian von Neumann subalgebra A d B, it follows that -u£ = £w, for all 
u G W(-B) and all £ G "H - This means that Ho C L 2 (S' n M), while at the same 
time Ho -L B' n M, implying that H = 0. 

□ 

We have seen in the previous lemma that if A is a diffuse abelian von Neumann 
subalgebra in M, then the Ad-action of the group U°(A) (of period 2 unitaries 
in A) on L 2 (M Q A' n M) is weak mixing. We will show in the next lemma 
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that one can choose the corresponding mixing elements in U°(A) so that to be r- 
independent with respect to any given finite set in M and to have 0-trace. Proving 
this in the abelian case is quite straightforward. But due to its possible independent 
interest, we will actually prove this type of result for arbitrary diffuse von Neumann 
subalgebras B C M, a fact that will make the argument a bit more lengthy. 

3.4. Lemma. Let M be a finite von Neumann algebra and B C M a diffuse von 
Neumann subalgebra. Given any finite dimensional subspaces X C L 2 (M B V 
(B'flM)), Y C L X M , and any 5 > 0, there exists a period 2 unitary element u G B 
such that |r«X6)l < ail&Wlklh, \r{uri)\ < <5|M|i, V£ G X, rj G Y. 

Proof. We first prove that given any finite dimensional subspace Ho C L 2 (M QBW 
(B'nM)), there exists a diffuse abelian von Neumann subalgebra A C B such that 
Eat\m(Ho) = 0. Since "Ho is perpendicular to BV(B'nM)), it is also perpendicular 
to B' H M, so by Lemma 3.3 there exists u G U(B) such that |r(f*ti£ii*)| < c\\£\\l, 
V£ G %o- By Lemma 3.1, if c = 2 -7 and n\ = 2 7 , then there exists a partition of 
1 with m projections {ej}j in £? such that ||E_,-ej^ej||2 < 3/4||£||2, £ e Since 
K lBVB'nM,we also have E je )% e) L Sj-eJ(S VB'n M)e) = Bi V n M), 
where Bi = Yi^ehBeh (cf. Lemma 2.1 in [PI]). We can thus continue recursively, 
replacing Ho by E J e]'Hoe] and B by Si, to get a partition of 1 with rii projections 
{e\}k C Bi, which refines {e]}j and satisfies ||E_,-e|£e|||2 < 3/4||E fc e]^e]|| 2 . Thus, 

||E fc e^e 2 fc || 2 < 3/4||E ie }ee}|| 2 < (3/4) 2 ||E fc e^e 2 || 2 , G Wq. 

By iterating this procedure we get a sequence of finer and finer partitions of 1, 
{ef C B, where n m = 2 7 ™, such that ||E ie ™£e™ || 2 < (3/4) m ||£|| 2 < e||f || 2 , 
V£ G %o (Note that the number n = n m of projections necessary to get (3/4) m < e 

is majorized by 2 71n ( 1 / £ )/ln(4/3) + l 5 thug n < 2 7( 1 / £ )71n2/ln(4/3) w 2 7 (l/ £ ) 17 - 02 , so 

the order of magnitude of the size of the partition is e -17 02 ). 

If we define A to be the von Neumann algebra generated by {e™ | 1 < j < 
^m.i m > 1}) it follows that Eat\m(0 = 0, V£ G Ho- Consider now the group 
U° = 14° (A) and note that it is Polish with respect to the topology implemented 
by || || 2 . Also, || || 2) is connected, in fact even contractible (due to the same 
construction as in the above proof of Lemma 3.3). Consider the Hilbert space /C = 
HS(L 2 (sp(AFA))) @HS(L 2 M) and the unitary representation tv of U° on K, given 
by u 1 — y Ad(L u R u ) © Ad(L u ), Vtt G U°, where HS(H) denotes the space of Hilbert- 
Schmidt operators on the Hilbert space H (i.e. HS(H) = {x G B(H) \ Tr(x*x) < 
00}), and L u (resp. R u ) are the operators of left (resp. right) multiplication by 
u G U° C A. Thus, if we identify in the usual way HS(H) ~ HWH* , then for each 
6,6 e sp(A^o-4), 7/1, »/2 e £ 2 ^" we have 
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7r(u)(fi <g> ^ © ^1 © ^2) = © O* © urn © %*«*)■ 

Let p = pi © p 2 £ where pi is the orthogonal projection of sp(AHoA) onto 
Ho and f>2 is the orthogonal projection of L 2 M onto this same space. Let K p = 
co w {ir(u)(p) I u G U }. Note that n(u)(K p ) = K p and ||7r(u)(x)||x: = Vx G /C. 

Note also that all elements x in K p are of the form x = x\ © x 2 , with x\ G 
ifS(sp(AFA)) C £(sp(AFA)), x 2 G HS{L 2 M) C B(L 2 M) positive operators when 
viewed as acting on the corresponding Hilbert space. 

Since K p is convex, weakly closed and bounded in /C, there exists a unique 
element 6 = 61 ©62 G i£p of minimal Hilbert norm || ||^- Since 7r(it)(&) G and has 
the same norm as 6, it follows that n{u)(b) = 6, Vw G Wo- Thus, Ad(L u i? u )(6i) = 
61, Ad(L M )(6 2 ) = 62, Vw G U°. This means that, as (positive) operators on the 
corresponding Hilbert space, 61 commutes with L U R U and 62 with L u , Wu G U°. 
Thus, the spectral decomposition of 61 (resp 62) commutes with these unitaries. 
Since 61,62 are Hilbert-Schimdt, they are in particular compact, so any spectral 
projection corresponding to (t, 00) for t > is finite dimensional. It follows that 
if 61 7^ (resp. 6 2 7^ 0) then there exists a non-zero finite dimensional subspace 
Hi C sp(AFA) such that uU x u* = Hi (resp. H 2 C L 2 M such that uU 2 = H 2 ), 
Wu G U 2 . 

Let us first notice that this implies H2 — 0. Indeed, because U°'H 2 = H2 implies 
AH 2 = H2, which contradicts the finite dimensionality of H2, unless H2 = 0. 
To see that Hi = as well, note that Hi 3 £ H> Ad(u)(f) £ Hi, V« £ W° 
defines a continuous unitary representation of the abelian Polish group W° on Hi. 
Since the image of this representation is an abelian subgroup of ZY(Ho), it can 
be diagonalized. Thus, Ho = ^jC£j, with £1, ••••> £n an orthonormal basis of 
"Ho such that Ad(W°)(£j) C T£j, Vj. Since any element in U° has period 2, we 
actually have Ad(W°)(£j) C {±£j}, Vj. But as we have noticed above, the Polish 
group (U°, || H2) is connected (even contractible) , implying that u^ju* = £j, or 
equivalently u£ = £u, Vw G W , Vj. Hence, a£ = £a for all £ G "Hi and all a G A 
(because U° generates A as a von Neumann algebra), i.e. "Hi C L 2 (A' n M). But 
EA'nM^) = implies ^-nM^i) = and thus Sa'dm (spOA-F 1 ^)) = 0, so 
in particular £Utim(Hi) = 0. We have thus shown that "Hi C L 2 (A' fl M) and 
Hi JL L 2 (A' n M), showing that Hi = 0. 

This implies 6 = and thus G K p . Hence, for any 6 > there exists u G 
W° such that Tr(7r(u)(p)p)) < 5. Indeed, for if there exists 5q > such that 
Tr(jv(u)(p)p)) > So, Wu G U°, then Tr(xp) > 5q for all x G in particular for 
x = G -KTp, giving > <5o, a contradiction. 

But Tr(ir(u)(p)p) < 5 implies that we have both uHq ±s Ho and uHqu* ±5 Ho, 
in particular \t{u^Iu*^ 2 )\ < 5||£i|| 2 ||£2||2, \t(ui])\ < <5|Mli; for all non-zero elements 
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6,6 € X, r\ G rr* + C1. Thus, if we embed F(c Z^M) in some Y'Y'* for some 
appropriate finite subspace Y' C L 2 M, then all required conditions are satisfied. 

□ 

3.5. Lemma. Let M be a finite von Neumann algebra andHi C L 2 M , I-L2 C I^M 

/mite dimensional spaces. Given any 5 > 0, there exists 5' > swc/i £/ja£ if x E M 
satisfies \\x\\ < 1 anrf ||x||2 < 8', then \\x£\\2 < ^HClb? Il^^lli < ^IMIi? ^ e 
// < H >. 

Proof. The first part follows from the fact that norm | H2 implements the so- 
topology on the unit ball of M while the product with a compact operator (such as 
the orthogonal projection of L 2 M onto the finite dimensional space Hi) turns so- 
convergence into operator norm convergence. To prove the second part, note that 
it is sufficient to show that given any 5 > and any finite set {f]i}i C H2 which 
is "5/2-dense" in the L x -unit ball of %2, there exists 5' > such that if x E M 
satisfies ||x|| < 1, ||x||2 < 5', then ||x7/i||i < 5/2. In turn, this fact is an immediate 
consequence of the first part, the Cauchy-Schwartz inequality and the fact that 
any r\ E L l M, \\rj\\i = 1 can be decomposed as a product 66 with 6 £ L 2 M, 

II6II2 = ||6l| 2 = i. 

□ 

3.6. Theorem. Let n > 1 be an integer. Given any finite von Neumann algebra 
M , any diffuse von Neumann subalgebra B C M , any finite sets X C L 2 (M Q 
B V (B' fl M)), y C L M and any a > 0, there exists a finite dimensional von 
Neumann subalgebra C C B generated by 2 n minimal projections of trace 2~ n such 
that 

(a) |r(ai6a 2 6)l < a||ai|| 2 ||a2||2, V6,6 e X, Vai,a 2 G C C. 
(6) |r(7/a)| < a||a||, Va G C C, Vn G F U XX*. 

in particular, if G C are £/ie minimal projections in C , then 

K) Hl^lli - m\l\\r{qi)r{ qj )\ < 3 • 2"»a, Vi, j, V£ G X; 
(&') - r(r 7 )r(%))| < a, Vz, Vr? G Y U XX*. 

(c') IkiCftlb < (2" n/2 ||6l2 + 2a 1 / 2 )\\q l \\ 2 ; ||E^6fc|| 2 < 2" n ||6li + 3a, Vz, V£ G X. 
(<0 ll^lli < (2- n/2 ||6l2 + 2a l ' 2 )T( qi ), Vz, V£ G X. 

Proof. Note that, without any loss of generality, we may assume X = X*, y = y*, 
||ei| 2 = i, N|i = l,VeGX,Vr/Gy. ' 

We prove the statement by induction over n > 0. If n = then C = CI and the 
conditions are trivially satisfied. Assume we have proved the statement up to some 
n. Thus, there exists an abelian 2 n -dimensional *-subalgebra C° C B generated by 
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minimal projections q®, q® n £ B of trace 2 n such that for all a, ai, a 2 G C° C, 
fi, £2 G X, 77 G Y U XX* U {1} we have 



(1) |r(ai^ia 2 6)l < 1 1 «i II 2 1 1 a 2 1| 2 , \r{r}a)\ < a.'\\a\\, 

where a' = 2~ n ~ 2 a. 

Denote So = ^iQiBqi and let X , respectively Yq, be the linear span of the finite 
set E itj (fiX<$, respectively Y U X X£ U {q? | 1 < i < 2 n }. Note that the condition 
IlBVB'nl implies I 15 VBjn M. Indeed, by Lemma 2.1 in [PI], we 
have B V B' f] M = S^f(S VB'n M)qf and so if x G X, y £ B \/ B' (~) M, then 

T(q°xq k X iq °yq°) = 5 jk T(q°xq°yq°) = 5 jk T(xq°yq°) = 0, 

the latter equality being due to the fact that q®yq® £ B V B' n M. 

Let 5 = 2 _n_2 o;. By Lemma 3.5, there exists 1 > 5' > such that if x £ M 
satisfies ||x|| < 1 and ||x|| 2 < 6', then ||^|| 2 < Z'^Uh, IMIi < 3 _1 <y||7/||i, 
V£ G X , 77 G 1q- By Lemma 3.4, there exists v £ U°(B ) such that 



(2) \r(v£v*b)\ < S^SUihUih, |rM| < rWvhMub G X ,r, G F . 

Since tj is a period 2 unitary commuting with all q®, and \r(vqf)\ < 2~ n 5' 2 (by last 
part of (2) and the fact that q® £ Y ), using the fact that B is diffuse we can split 
each projection q® into the sum of two projections q® = qn-i + q2i of trace 2 _n_1 
such that the period 2 unitary element u = Ej(<7 2 j_i — q2i) satisfies \\u — u|| 2 < <5'. 
Thus, u satisfies ||(i;-u)£||2 < ^SUh, Wiv-u)^ < 3- 1 <5||r 7 || 1 , V£ G X , 77 G F - 
Combining with (2) and using the Cauchy-Schwartz inequality, we get: 

(3) |r«K6)l< |rKru*6)l + ll(«-«)^||2||«*6ll2 

< irKiV^i + ii^ribii^-^ib + ii^-^eribii^ib 

< \t(v£v*£ 2 )\ + 25||6l|2||6l|2/3 < 5||6I|2||6I|2. 
Moreover, since 5' < 1/3 we have 5' < 5/3' and thus 

(3') \r(u V )\ < \r((u - v) V )\ + \t(v V )\ < S\\r]\\ u Vry G F . 
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Denote C the linear span of {qj \1 < j < 2 n+1 } and note that C = C° + uC°, 
C° _L uC°. Let Xi = cii + uh G C, with a^bi G C°. Thus, = ||aj|| 2 + ||&;|| 2 , 

i = l,2. Take £1, £ 2 G X. Then we have 

(4) |T(£!to6)l 

= |r(aif 10262)1 + |t(6iu^i a 2 £ 2 )| + k(ai6^ 2 6)l + |t(^i<i^2<2)| 
= |r(ai6a 2 6)l + |r(u(£ia 2 £ 2 6i))| + |r(u(&2&ai£i))| + |t(u(£i& 2 )u(£2&i))I 
By (1), for the first term on the last line in (4), we have the estimate 

(5) |r(ai£ia 2 £ 2 )| < Qj'Hai H2 ||a2 H2 < a'H^ilhlNlh- 

Since £ia 2 £ 2 &i and 6 2 £ 2 ai£i belong to Yq, by (3') it follows that for the second 
term on the last line of (4) we have the estimate: 

(6) |r(u(£ia 2 £ 2 &i))| < a'^K^illi < a'||6a 2 || 2 ||6M2 

< a / ||a 2 ||||6 1 || < 2 n a / ||6 1 || 2 ||a 2 || 2 < 2 n a / ||x 1 || 2 ||x 2 || 2 , 

where for the last row we have used the fact that for a G C° we have ||a|| < 2 n / 2 ||a|| 2 . 
Similarly, for the third term of the last line in (4) we have 

(7) \r(u(b 2 ^a 1 ^))\<2 n a'\\x 1 \\ 2 \\x 2 \\ 2 . 

Finally, for the fourth term of the last line in (4), by (3) and the fact that 
£ih,&b 2 G X , we get 

(8) |r(u(£i&2M£ 2 &i))| < a'W^hhW&hh 

< a'INIIMI < 2 n a , ||6 1 || 2 ||6 2 || 2 < 2^ / ||x 1 || 2 ||x 2 || 2 . 

By combining (4) — (8), we thus obtain for all £1, £ 2 G X and x\, x 2 G C 



(9) Ir^to^)! < 4 • 2 n a / ||x 1 || 2 ||x 2 || 2 < a||xi|| 2 ||x 2 || 2 

Similarly, if rj G Y and x = a + bu G C, then i]b G Y , \\rjb\\i < 2 n \\b\\ < 2 n \\x\\, 
and by the second part of (1) and (3') we get 

(10) \t(xt])\ < \r{ar])\ + \r(u{rjb))\ 
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< a'\\a\\ + 5||r/6||i < ct'\\x\\ + 2 n 5\\x\\ < a\\x\\, 

showing that C satisfies conditions (a) and (b) of the statement. 

If we now assume (a) and (b) are satisfied and combine them with the identity 

llty-fftll! = ^(QiCQjO = r((qi - T(qi))CqjO + t^M^CD 
= r(( 9i - r( qi ))C(qj ~ r(<&))0 + r{ qj )r{{ qi - r( qi ))CO 
+r{q i )r{{q j - r( q MC) + r(qMlMCO 

then we get: 

infill! " T( qi )r( qj )U\\ 2 2 \ < 2~ n a + 2 • 2~ n a = 3 • 2~ n a. 

This proves that (a) and (b) imply (a'), while (b') is trivial from (b) and (c') from 
(a'). Finally, (ef) follows from the first part of (c'), via the Cauchy-Schwartz in- 
equality: 

llftfftlli = sup{|r(g^gix)| | x G M, < 1} 
< ||gi^?i||2sup{||gix|| 2 | x e M, < 1} = llftCftlbllftlb- 

□ 

3.7. Corollary. Let M be a Hi von Neumann algebra and A C M a MASA in 
M . Let XcMQA, YcMbe finite sets, n > 1 an integer and a > 0. There 
exists a partition of 1 with projections q±, ...,52™ <E A of trace 2~ n such that if C 
denotes the algebra generated by then for all x G X , y G Y and i = 1, 2, 2 n 

(a) |r(aixia2^2)| < Q= || 0,1 1| 2 1| 1| 2? Vxi,X2 G -X", Vai, a 2 G C C 

(b) \r(y qi ) - r(y)r( qi ))\ < a, Vi, VyeYU XX*. 
Moreover, we have for all x G X and 1 < i, j ' < 2 n : 

(c) llki^lll - IMIilkteM?.?)! < 3 • 2 ~ n «- 

Proof. Since A is a MASA we have A' (1 M = A and since M is Hi, A must be 
diffuse. Thus, Theorem 3.6 applies. 

□ 

3.8. Lemma. Let M be a finite von Neumann algebra and A C M a MASA. 

Given any separable von Neumann subalgebra Q$ C M , there exists a separable von 
Neumann algebra Q C M that contains Qo, such that Ea(Q) = A fl Q (i.e. Q and 
A C M make a commuting square) and A = A fl Q is maximal abelian in Q. 
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Proof. First note that by Theorem 3.6, given any countable set X = {x n } n C 
M there exists a countably generated abelian von Neumann subalgebra Bi C M 
such that -E^nM^n) C Bo, Wn. Indeed, this is obtained by taking B\ to be 
generated by the set {EA(x n )} n and partitions {p? m }j C A, n, m > 1, satisfying 
||Ej-p^ (x n — £ , A(^ n ))p? m ||2 < 2 _m (which exist by Theorem 3.6). By taking X 
to be a || ||2-dense subset in the unit ball of Qo, it follows that if we take Qi to be 
the von Neumann algebra generated by B\ and Qq then we have: 

(1) B\ C A is separable and satisfies EB'nAfiQo) C Si; Qi is generated by Qo,B\ 
and is separable; 

Using this first part, it follows that we can construct recursively an increasing 
sequence of inclusions of separable von Neumann algebra B n C Q n , n > 1, satisfying 
the properties: 

(2) For each n > 1, -Es^nM^n-i) C S n and Q n is the von Neumann algebra 
generated by B n and Q n -i- 

If we now define Aq = U n B n and Q = U n Q n , then all required conditions are 
clearly satisfied. 

□ 

3.9. Theorem. Let M n be a sequence of finite factors with dimM n — > oo and for 
each n, let A n C M n be a MAS A. Denote by A = 11^ A n C U u M n . Let Q C n w M n 
be an arbitrary separable von Neumann subalgebra such that Ej±(Q) = A D Q, i.e. 
Q and A C n^M n make a commuting square, and denote Bi = A n Q. There 
exists a diffuse von Neumann subalgebra B C A swc/i t/iat B is 2-independent to 
Q B\, more precisely: 

(a) T(x 1 a 1 x 2 a 2 ) = 0, Vxi eQ, i 2 eQe Bi, a x G -Bo © C, a 2 G S . 

(6) r(xa) = r(x)r(a), Vx G a G i?o- Equivalently, B$,B\ are r -independent: 
(S VSi,r)~(S ,r)®(Si,r). 

(c) Hex/Hi = r(e)r(/) Vx e Q Q B\, e, / G P(B ). 

Proof. Using Corollary 3.7 we construct recursively an increasing sequence of 
partitions of 1 in A, {e™ | 1 < j < 2 n } C A, of trace r(e") = 2~ n , Vj, with 

e 2^\ + e 2i X = e t for a11 1 < *, J < 2", such that the representations = (e£ m ) m 
have components e™ m G V(A m ) satisfying better and better the required conditions 
(see end of proof of 5.3.1). We leave the details as an exercise. 

□ 
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4. Asymptotic freeness and Kadison-Singer for singular MASAs 

Recall from [Dl] that a MAS A A in a finite von Neumann algebra M is singular if 
the only unitaries in M that normalize A are the unitaries in A, i.e. Mm{A) = U{A). 
It is easy to see that the existence of such a MASA in a finite von Neumann algebra 
M implies M is necessarily of type Hi (unless M = A). For concrete examples of 
singular MASAs in Hi factors, see [Dl], [P2] and Section 5.1 below. Note that by 
[P3], any separable Hi factor has singular MASAs. The prototype singular MASA 
in the hyperfinite II i factor R is the abelian von Neumann algebra L(Z) generated 
by the canonical unitary implementing the Bernoulli action Z rx X = [0, l] z , in 
the representation of R given by the Murray-von Neumann group measure space 
construction [MvNl], R = L°°(A) x Z. 

The main result of this section shows that if A C M is a singular MASA in 
a finite von Neumann algebra, then the associated ultrapower MASA inclusion 
A w C M u satisfies the paving property, and thus the KS property as well. In fact, 
we prove that given any countable set F = F* C M u perpendicular to A w , there 
exists a diffuse subalgebra Bq of A^ which is free independent to F in the sense of 
[V], i.e., any alternating word in F, Bq C has trace 0. Note that this amounts to 
F, Bq being n-independent Vn. In particular, due to calculations of norms in [V], 
this implies that any x G F which is a selfadjoint element with two point spectrum, 
has the property that any partition of small mesh with projections in Aq, provides 
a paving of x. As we saw in 2.3.2°, this is sufficient to ensure that ANY x G M w 
with Ea-»(x) = can be paved with finite partitions in A u , and thus A^ C M w 
satisfies the Kadison-Singer property. 

More precisely, we prove the following: 

4.1. Theorem. Let S = {A n C M n } n be a sequence of singular MASAs in finite 
von Neumann algebras and denote M = M(«S, w) = LI CJ M n , A = A(S,u) = U u A n . 
Then we have: 

(a) If X G M A is a countable set, then there exists a diffuse von Neumann 

subalgebra Bq C A such that X and Bq are free independent, more precisely: 
k 

t(xq IT DiXi) = 0, for all k > 1 and all Xi G X , 1 < % < k — 1, XQ.Xk G X U {1}, 
Hi G Bq C, 1 < % < k. 

(b) Let B C M be a countable generated von Neumann subalgebra such that Ea_(B) 
= A fl B, i.e. B and A make a commuting square. Then there exists a diffuse 
von Neumann subalgebra Bq C A such that if we denote by Bi = A fl B, then 
B V S = B * Bl B B x . In particular, if B _L A then B V Bq = B * Bq. 

One should note that by Lemma 3.8, any seprable subalgebra QcMis contained 
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in a larger von Neumann subalgebra B C M satisfying the commuting square 
condition in part (b) of 4.1. 

The above theorem shows that any countable set X perpendicular to A, can 
be paved with partitions in A that are free with respect to X. For special type 
of elements, such as unitaries with 0-expectation on A, any such "free paving" 
diminishes the operator norm, due to Kesten-type phenomena [Ke] and Voiculescu's 
calculations of spectra for products of free-independent variables [V]: 

4.2. Corollary. Let A n C M n , A, M be as above. Then we have: 

1° If u G M is a unitary element such that Ea(u) = 0, then for any n > 1, there 
exists a partition of 1 with n projections qi,...,q n G A such that \\T,f =1 qiuqi || < 
(Vn=T+l)/n. 

2°. If e is a projection in M such that Ej± = T(e)l and r(e) < 1/2, then for any 
n > r(e) _1 there exists a partition of 1 with n projections qi, ...,q n G A such that 
||E? =1 giegi-r(e)l|| < 2/y/E. 

As we saw in Proposition 2.3, the paving of projections that expect on scalars 
on ultrapowers of MASAs, is in fact sufficient to ensure paving of any element, so 
from 4.2 above we deduce: 

4.3. Corollary (Kadison-Singer for ultraproduct of singular MASAs). Let 

A n C M n , A, M be as above. Then the inclusion A C M satisfies the KS property. 
Thus, any pure state on A has a unique state extension to M and Ea is the unique 
conditional expectation of M onto A. Moreover, A C M has the uniform paving 
property, with paving size n(e) majorized by a scalar multiple of e~ G . 

The proof of Theorem 4.1 will follow quite closely the type of arguments that we 
have developed in [P8] . We will thus use extensively the notations, terminology and 
technical lemmas from that paper, which we recall here in details, for the reader's 
convenience. 

4.4. Notation. Let M. be a von Neumann algebra. If v G Ai is a partial isometry 
with v*v = vv*, X C M. is a subset and k < n are nonnegative integers then denote 

k 

X°' n d = X and X^ n = {x U v iXi x^I, 1 < i < k - 1, x , x k G X U {1}, v % G 
{v j | 1 < \ j\ < k}}. 

4.5. Lemma. Let A be a singular MASA in the finite von Neumann algebra M . 
Let e > 0, n > 1 an integer and F C M a finite set such that Ea(x) = 0, for all 
x G F = F* . There exists a partial isometry v G A such that t(vv*) > 1/2 and 

WEa^W, <e,Vxe U F^ n . 

fc=i 



KADISON-SINGER PROBLEM 



31 



Proof. It is clearly sufficient to prove the statement in case ||x|| < 1, Vx G F. 
Let 5 > 0. Denote e = 5, e k = 2 k e k -i, k > 1. Let W = {v G A \ vv* G 
V(A), WEAix)^ < e k r(v*v),\/l < k < n,Vx G F^ n }. Endow W with the order < 
in which w\ < w 2 iff w\ = W2W*wi. (W, <) is then clearly inductively ordered. Let 
v be a maximal element in Assume t(v*v) < 1/2 and denote p = 1 — v*v. If u> 

is a partial isometry in Ap and it = v + w, then for x = xo IT G i^' n we have 

(1) x = xoU^ViXi + Y. l Y< i zo 7i Tl i j=1 w ij z jji , 

where the sum is taken over all i = 1,2, ... ,k and all i = . . . , it), with 1 < 
%\ < ■ ■ • < %n < k, and where Wi j = w s whenever vj = v s , z$^ = xqViXi ■ ■ ■ x^-ip, 
zj,i = pxi.v ij+1 ■ ■ ■ v ij+1 x ij+1 p, for l<j<£, and zt ti = px ie v ie+1 ■ ■ ■ v k x k . 

By Corollary 3.3, given any a > there exists a projection q in Ap such that 

( 2 ) II 9*9 - E A P (pzp)q\\ ltpMp < aT p Mp(q), 

\\E Ap (pzp)q\\^ pMp < (l + a)\\E Ap (z)\\ UpMp r(q) 

for all z of the form Zj^, for some i = (h, . . . 1 < j < £ — 1, £ > 2. 

Since for yi,y 2 ,y G M with ||yi|| < 1, ||y 2 || < 1 we have \\E A (y 1 yy 2 )\\i < 
1 1 2/1 2/2/2 1 1 1 — WvWii ^ follows that for any I > 2 we have: 

(3) \\E A {zo,iWi 1 Z lj iWi 2 Z2,i . ■■Wi t Z£ t i)\\ 1 

< IK^i.iWiJL = Il^i,i9||i = ||^i,*g||i,pMpT(p), 

which by applying consecutively to z = the two inequalities in (2), is further 
majorised by 

(4) < (\\E A p(z lji )q\\ lj pM P + ar pM p(q))r(p) 

< (1 + a)\\E Ap (z lii )\\ 1: p M pTpMp(q)r(p) + aT pMp (q))r(p) 

= (1 + ^(ll^^^llir^-^lT^T^)- 1 ^^) + ar(g) 

= (1 + a)\\E A (px h v il+1 ■ ■ ■v i2 x i2 p)\\ 1 T(p)~ 1 T(q) + ar(q). 

But since p lies in A, we have ||^a(p2/p)||i = \\pE A (y)p\\i < \\E A (y)\\i for any y G 
M. Also, since 1 < %\ < i 2 < ^ and i 2 —i\ < k—1, the element y = x^i^+i • • -Vi 2 Xi 2 
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belongs to F™> n with m = i 2 — %\ — 1 < k — 2. Altogether, it follows that the last 
term in (4) is majorized by 

(5) (1 + a)\\E A (x il Vi 1+1 ■ ■ ■Vi 2 Xi 2 )\\ 1 T(p)~ 1 T(q) + ar{q) 

< (1 + a)e k -2T(vv*)T(p)~ 1 T(q) + ar(q) 

< (1 + a)e k - 2 T(q) + ar(q), 

where the last inequality is due to the fact that t(vv*) < 1/2 implies t(vv*)/t(p) 
< 1. If we now take a < Eq/4, from the first term of (3) and last term of (5), we 
get that for all i = %g) with £ > 2 we have 

(6) \\EA(zo t iWi 1 zi t iWi a Z2 t i...w it Z£,i)\\ 1 <2e k - 2 r(q). 

k ( k\ 

Since 2e k -2 < £fc-i and since there are at most E . = 2 h — k — 1 elements 

i=1 \ I I 

in the sum in (1) for which £ > 2, from (6) we get 

< ( 2 * - k - l)e fc _ir(g) 

l 

Finally, from the sum on the right hand side of (1) we will now estimate the 
terms with £ = 1. These are terms which are obtained from xqV\X\V2X2 ■ ■ - v k x k 
by replacing exactly one Vi by Wi, so they are of the form z = zo^WiZi^, where 
i = 1,2, ...,k, z 0yi = x viXi...Vi-iXi-ip, z\,i = pxiV i+ i...v k x k and Wi = w s if 
Vi = v s . Note that there are k of them. 

One should notice at this point that in the above estimates we only used the 
fact that w*w = ww* = q and that A is a MASA, not the actual form of w, nor 
the fact that A is singular. We will make the appropriate choice for w now, to get 
the necessary estimates for these last terms. The singularity assumption on A will 
play a crucial role, due to the following: 

4.6. Lemma. Let A C M be a singular MASA. Let Yi = Y{ C MqA,Y 2 C M be 
finite sets and q G A a nonzero projection. Given any f3 > and n > 1 there exists 
a unitary element w G Aq such that \\EA(yiw l y2)\\i < (3 and \\EA(y2W l yi) ||i < P, 
for all yi G Y ± ,y 2 G Y 2 , < |i| < n. 



(7) 
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Proof. We may clearly assume \\yi\\ < 1, Vy^ G Yj, i = 1,2. Let (M, e^) be 
the Jones basic construction von Neumann algebra of the inclusion A C eA M, 
endowed with its canonical (semifinite) trace Tr^M,e A )- Consider the semifinite 
von Neumann algebra Ai = (M,e A ) 2n and denote by Tr the trace on Ai defined 
by Tr(x±,X2, ■■■,X2n) = ^jTr(M,e A )( x j)- Let Kq C Ai denote the convex hull of 
the set {(w j (^y l€ Y 1 y*eAyi)w~ j )i<\j\< n I w G U{Aq)} C (q(M,e A )q) 2n C M One 
should notice right away that each j'th component Zj, 1 < |j| < n, of an element 
z = (zj)j G K satisfies Zj = qzjq and e A Zj = = Zj-e^ (the latter because 
e A w J yie A = w 3 e A y x e A = w J E A {yi)e A = 0, My x G Yi; similarly e^yi^e^ = 0). 

Note further that ifo is bounded both in the operator norm on Ai (by E yi ||yi || 2 < 
|Y"i|) and in the Hilbert-norm || || 2 ,Tr on Ai (by E yi \\E A (y^yi) ||| < |Yi|). Thus, 
its weak closure K = K is a weakly compact bounded subset in both Ai and 
L 2 (M 7 Tr). In particular, if contains a unique element 6 G K with ||6|| 2 , Tr = 
min{||z|| 2 , Tr | ^ G K}. 

Note also that the group U(Aq) acts on if by cr w (( x j)i<\j\<n) = (w 3 XjW~ J )j, 
Viu G U(Aq), and that this action preserves the Hilbert norm || || 2) Tr- Thus, a 
extends to an action of U(Aq) on K, still denoted by a. Since 1 1 a w (b) || 2j Tr = 
IHI2, Tr, by the uniqueness of 6 as the element of minimal norm in K, it follows that 
c-u;(^) = y, Viu G U(Aq). Thus, if b = (bj)j are the 2n components of 6, then for 
each j with 1 < \j\ < n, we have bjW 3 = w J bj, for all w G U(Aq). Since any unitary 
element in Aq can be expressed as a j'th power of a unitary in Ag, it follows that 
ubj = bjU, Vtt G U(Aq). But since any element in is a linear combination of 
unitary elements in Aq, this implies bj G Ag' n <?(M, e A )q = A' fl <z(M, e^)^. But 
by (1.4 in [P12]), the supremum of finite projections in A' fl q(M,e A )q is equal to 
the supremum of the projections qve A v*q with v G A/"(A). Since A is singular in 
M, this implies bj = e A bje A . But e A bj = 0, and so bj = 0, Vj. 

We have thus proved that Ox = (0, 0) G if. This implies that for any (3 > 
there exists w G U(Aq) such that 

Tr(w J (yieA2/i)« ;_J (Y* y2 y 2 e A y 2 )) < /3 2 , 
for all yi G Yi, where the sum is taken over y 2 G Y 2 . Indeed, for if not then 

Tr(w J (T, yi y 1 e A y 1 *)w~ J (T, y2 y 2 e A y2)) > /3 2 , 

for all w G U(Aq). By taking convex combinations over w G U(Aq) and then weak 
limits, this implies Tr(bT, y2 y 2 e A y 2 ) > /3 2 , Wb G if, in particular for 6 = 0, thus 
> /3 2 > 0, a contradiction. 

In particular, such awe U{Aq) will satisfy Tr{w 3 {y\e A y\*}w~iy 2 e A y^) < /3 2 , 
for all yi G Y 1? y 2 G Y 2 and all j with 1 < \j\ < n. By taking into account the 



34 



SORIN POPA 



definitions of || ||i and of Tr^M,e A )i an d by using the Cauchy-Schwartz inequality 
in ((M, e A ), Tr), we thus get the estimates 

|| E A (y 1 w j y 2 ) ||i = sup{|r(yii<; :? y2a)| \ a e A, \\a\\ < 1} 
= sup{\Tr(e A y 1 w J y 2 e A a)\ \ a e A, \\a\\ < 1} 

< Tr{e A ylw~ J yle A yiw J y 2 eA) 1/2 Tr{eA) l/2 
= Tr{w~ J yle A y 1 w J y 2 e A yl) l/2 < ft, 

and similarly ||£; A (y 2 t(; J yi)||i < p, for all y 1 eY 1 = Y{, y 2 G F 2 , j = ±1, ±2, ±ra. 

□ 

End of proof of 4.5: Denote by Z the set of elements of the form xoV\X\...Vi-\Xi-\p, 

n , 

or pxiV i+ i...VkXk, for all possible choices arising from elements in U F^ n . By 

fc=i 

applying Lemma 4.6 to f3 = e k -ir(q)/2k, n > 1 and F 2 = ^U2*U {-EU(<z) | z G 
Z U Z*}}, Y 1 = {y 2 - E A {y 2 )) \ y 2 G Y 2 }, it follows that there exists w G U(Aq) 
such that 

(8) \\E a (({x q v-lx-l . . . - £?a(^oUi^i • • • v j - 1 x j - 1 p)w j x j v j+1 . . .v k x k )\\ 1 

< s k - 1 r(q)/2k, 

(8') \\E A (x v 1 xi . . .v j - 1 x j - 1 w j (x j v j+1 . ..v k x k - E A (pxjV j+1 . . . ^a^)))^ 

< e fc _ 1 r(g)/2fe. 

Thus, for each element with £ = 1 in the summation E^Ej^o^n^^M^.^ j in (1), 
i.e., of the form xqViXi . . .Vj-\Xj-\WjXjVj+i . . .v k x k , we have the estimate: 

(9) \\E A {xqV\X\ . . .Vj-iXj-iWjXjVj+i . ..v k x k )\\\ 

< 2e k -!T(q)/2k + \\E A (x vixi • ■ .v j - 1 x j -i)w j E A (x j v j+1 . . .v k x k )\\i 

< £ fc _ir(g)//c + 7, 

where 7 is the minimum of \\E A (xoViXi . . . Vj-iXj-i)q\\i, \\qE A (xjVj + i . . -v k x k )\\i, 
which by the second inequality in (2) is majorized by the minimum between ||(1 + 
a)E A (px vixi . . .Vj-iXj-ip)\\ir(q) and (l+a)\\E A (pxjV j+1 . . . v k x k p)\\\T{q). Since 
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||£U(pj/p)||i = < || £7^4 (3/) II 15 the latter is majorized by the minimum 

between (l + a)\\E A (x vixi . . . Vj-iXj-i)\\ir(q), (l + a)\\E A (xjV j+1 . . . v k x k )\\iT(q). 
Both elements X0V1X1 . . .Vj-iXj-i, XjVj + i . . .v k x k belong to some F^' n with j < 
k — 1, and at least one of them with j 7^ 0. Thus, by the properties of v we have 
7 < (1 + a)ek-ir(vv*)r(q). Since a was taken < Eq/A < 1/4, one gets 7 < e k -\. 

Hence, the last term in (9) is majorized by e k -ir(q)/k + e k -\. Since there are k 
terms with I = 1, obtained by taking j = 1, k, by summing up over j in (9) and 
combining with (7), we deduce by applying E A to (1) the following final estimate: 

(10) H^MaOHi < ||^(xonf = iUiXi)||i +E £ E i \\E A (z , i U £ j=1 w ij z j , i )\\ 1 

< e k r(vv*) + (2 k -k- ly^r^) + (k + l)e fc _ 1 -r(g) 
= e k r(vv*) + e k T(ww*) = e k r((v + w)(v + w)*). 
But this contradicts the maximality of v E W . 

We conclude that r{v*v) > 1/2. If we now take 5 < e/2 n \ then e n = 2 1+2+ -+ n 5 

2 

< 2 n 5 < e and the statement follows. 

□ . 

Lemma 4.7. Let A n C M n , A C M be as in 4.1. Let IcMeA be a countable 
set. Then there exists a partial isometry w in A such that r(ww*) > 1/2 and 
E A (x) = 0, Vn > fc > 1, Vx G X^ n . 

Proof. Let X = {x k } k and let x k = (x^) n be a representation of x k G LT^M™, 
which we can take so that x k G M n satisfy E An (x k ) = 0, for all k. By applying 
Lemma 4.4 for the inclusion A n c M n , the positive element e = 2 _n , the integer n 
and the finite set X n = {x k \ k < n}, we get a partial isometry w n in A n such that 
r(w^w n ) > 1/2 and 

\\E An (z)\\ 1 <2- n ,Vxe U (Xn)*!". 

1 k<n 

But then w = (w n ) clearly satisfies the required conditions. 

□ 

Proof of 4.1. Since 4.1(6) is an immediate consequence of part 4.1. (a), we only 
need to prove the latter. To do this, we construct recursively a sequence of partial 
isometries vi, i>2, •••• G A such that 

(i) v j+1 v*Vj = Vj and r(vjV*) > 1 — l/2 j , Wj > 1. 

(11) E A (x) = 0,Vn > k > 1, Vx G X^: n 



36 



SORIN POPA 



Assume we have constructed Vj for j = 1, m. If v m is a unitary element, 
then we let = v m for all j > m. If f m is not a unitary element, then let 

/ = 1 - t;> m g A. Note that E A (x') = 0, for all x' G A' d = U fX^f. Indeed, 

A;<n 

because for a G A and x G A^' n , we have 

r(fxfa) — r(fxa) = r((l — v*v)xa) = r(xa) — r(vxv*a) = 0. 

This is due to the fact that either x G begins or ends with a nonzero power of 
v m (when x = xqv^xi . . . v^Xk with either xq or Xk equal to 1) or vxv* G A^+ 2 ' n+2 , 
implying that both r(xa) = and r^VmXv^a) = (because v m satisfies (ii) above). 

Thus, if we let / = (f n )n with f n G V(A n ) and apply Lemma 4.6 to A n f n C 
f n M n f n (which are obviously singular MASAs) and to the countable set X' C 
n^/ n M n / n = /M/, then we get a partial isometry it G II a; A n / n = A/ such that 
t(m«*) > r(/)/2 and E Af (x) = for all x G U (A')^' n . But then v m+1 = v m + u 

k<n 

will satisfy both (i) and (ii) for j = m + 1. 

It follows now from (i) that the sequence Vj converges in the norm || H2 to a 
unitary element v G A, which due to (ii) will satisfy the conditions required in part 
(a) of 4.1. 

□ 

To deduce 4.2.1° from 4.1, we'll need the following: 

Lemma 4.8. Let u, v be unitary elements in a finite von Neumann algebra M 
such that t(u) = and r(f- 7 ) = 0, for any non-zero integer j with \j\ <n — l, for 
some n > 2. Assume r(xQy\X\y2----yk x k) = 0, for any k > 1 and any choice of 
Ui G {u,u*}, xi,...,Xk-i e {v J I 1 < \j\ < k - 1} and x ,x k e {v j \ 1 < \j\ < 
k — 1} U {1}. T/ien we /lave; 

(a) {u^v^uv - ^ \ j = 1, 2, n — 1} are freely independent Haar unitaries in M . 

(b) ||E!?- Vuv- J '|| < v / ^ T7 T+ 1- 

Proof. Part (a) is easy to check and we leave it as an exercise (see e.g. [AO] for 
similar calculations). 

To deduce part (6), recall that by a well known result of Kesten ([Ke]), if 
wi, ...,w m are freely independent Haar unitaries in a finite von Neumann algebra 
M, then ||E™ = y/m. Thus, by (a) we get: 

||£y- V'uv- J '|| = imi + E^uVuu-J')!! 

= ||1 + E™~lv*v j uv~ j \\ < 1 + \\E]zlu*v j uv- J \\ = 1 + v 7 ^ 3 !. 
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□ 

Proof of 4.2. By Theorem 4.1 there exists a diffuse von Neumannsubalgebra _B C 
A = such that any word with alternating letters from {u,u*}, Bq CI, has 
trace 0. Let v G -Bo be a unitary element such that t(v j ) = for j = 1, 2, .., n — 1 and 
u n = 1. Thus, if A G C is a primitive n'th root of 1 then v = E^~q A fc efc_|_i, where 
efc G i?o are spectral projections of v with r(efc) = 1/n, V/c. An easy calculation 
shows that n- 1 E^v j uv~ j = Z% =1 e k ue k . But then 4.2.1° follows from 4.8 (b). 

To prove 4.2.2° let B C A^ be free with respect to the von Neumann algebra 
Ce + C(l — e). Then the calculation of norms in Section 4 of [V] shows that if q is 
any projection of trace 1/n in B with 1/n < r(e), then ||(/e(/ — r(e)(/|| < 2/y / n. 

□ 

Proof of 4.3. By Proposition 2.2, in order to prove Corollary 4.3, it is sufficient 
to prove that any projection e G M whose expectation on A is a scalar multiple 
of some projection / G A, can be paved. But this is indeed the case, because 
Af C /M is itself an ultraproduct of singular inclusions, for which 4.2 applies. 

□ 

5. Final remarks 

5.1. Examples of singular MAS As. Dixmier's first examples of singular MAS As 
A in Hi factors M ([Dl]), were constructed from group-subgroup situations, H <Z G, 
as A = L(H) C L(G) = M, with G infinite conjugacy class (ICC) and H C G 
an abelian subgroup satisfying certain conditions. These conditions are met for 
instance by wreath product inclusions groups H C G = K I H, with H infinite 
abelian and K non-trivial and by the the inclusions L(Z) C L(Z * To), for any 
non-trivial group IV Another criterion for singularity of MAS As in factors was 
found in [P2]. It can be used to recover the previous examples, as well as others. 
It shows for instance that A = L°°([0, 1]) is singular in A * N for any finite von 
Neumann algebra N. It also shows that the group algebra A = L(H) is singular 
in any crossed product Hi factor M = B® H x H, arising from a Bernoulli action 
H r\ B® H , for any non-trivial finite von Neumann "base" -algebra B. In fact, by 
(3.1 in [P14]), all these MASAs A are singular in the following stronger sense: If 
u G U{M) is so that uAu* fl A is diffuse, then u G A. This absorption phenomenon 
from ([P14]) is actually valid for any inclusion L(H) C M = N x H, arising from 
a mixing action of H on a finite von Neumann algebra N . 

Another strengthening of the notion of singularity for a MASA A C M was 
emphasized in [P3] and it requires that the only automorphisms of M that normalize 
A are the inner automorphisms Ad (it) with u G U{A). Such MASAs were called 
ultrasingular in [P3] , but we will call them super singular from now on, because they 
have the property that any two automorphisms of M that coincide on A must differ 
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by some Ad(u), with u G U(A). Equivalently, embeddings with same range of M 
into another algebra are uniquely determined by their values on A. It was shown in 
[P3] that any Hi factor M whose outer automorphim group Out(M) is countable 
(e.g. if M has property T, by [C2]), do have supersingular MASAs. 

We note here that results from (Section 4 and 5 of [P15]) show in particular that 
if one reduces the singular MAS A, A = L(Z) C L([0, l] z ) x Z = R, by a projection 
p G A which is not fixed by any rotation by a character 7 G Z, then Ap C pRp ~ R 
is supersingular. Moreover, if p, q G A are not conjugate by a rotation then Ap, Aq 
are distinct singular MASAs in R. More precisely, we have: 

5.1.1. Theorem [PI 5]. Let H be a torsion free abelian group {such as H = Z) and 
H rx X = Xq a Bernoulli H -action. Let R = L°°{X) x H and denote A = L(H). 
If p,q G A are non-zero projections and 9 : pRp ~ qRq is an isomorphism carrying 
Ap onto Aq, then there exists a character 7 G H such that 9 is the restriction of 
9 1 G Aut(-R) topRp. Moreover, the only automorphisms ofpRp ~ R that normalize 
Ap are the restrictions of the automorphisms 9 1 that satisfy 7 (Y) = Y (a.e.), where 
Y C T is the subset with characteristic function xy = V- ^ n particular, if {p t \ t G 
(0,1]} is a family of projections in L(H) with r(p t ) = t, then Ap t C PtRpt — R 
provide a family of distinct singular MASAs in the hyperfinite ll\ factor, which are 
supersingular for t £ Q. 

5.2. Characterizations of singularity for MASAs. Another strengthening of 
singularity for MASAs was discovered in ([P4]), where it is shown that if A is a 
diffuse abelian von Neumann algebra and is any finite von Neumann algebra, 
then A is maximal amenable (equivalently, maximal injective) in A * N. We notice 
in 5.2.1 below that Theorem 4.1 shows in particular that for any singular MASA 
A C M, the ultrapower A" is maximal amenable in M", i.e., if A^ C P C M" 
for some amenable von Neumann algebra P, then P = A w ' . We also provide an 
alternative characterization of singularity for MASAs in terms of moments, as those 
MASAs that contain Haar unitaries which are asymptotically free with respect to 
sets perpendicular to it. For this to happen, asymptotic 4-independence is in fact 
sufficient. This should be compared to Theorem 3.9 where it was shown that 
asymptotic 2-independence occurs for any MASA, and to 5.3.1 below, which shows 
that in fact in arbitrary MASAs asymptotic 3-independence occurs as well. 

5.2.1. Theorem. Let A be a MASA in a finite von Neumann algebra M. The 
following are equivalent: 

1° A is singular in M; 

2° A " is singular in M" ; 
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3° A w is maximal amenable in ; 

4° Given any countable set X C M u A w , there exists B C A w diffuse such 
that Bq, X are free independent. 

5° Given any finite set X d M Q A, there exists B C A w diffuse such that B , 
X are ^-independent. 

6° Given any self adjoint element x G M A, there exists B C A w diffuse such 
that Bo, {x} are ^-independent. 

Proof \i u G Mm (A), then it normalizes A w as well, acting non-trivially if u £ A. 
Thus, A^ singular implies A singular. The converse is implicit in [PI 3] (due to 
Remark 5.2 in [P3]). Indeed, for if it G Af(A w ) is not in A u , then there exists a 
non-zero projection g G A w such that uqu*q = and it, g can be represented by 
sequences u = (u n ) n , q = (q n )n, with u n unitaries in M, q n projections in A, such 
that u n q n u^q n = 0. But by ([P13]), by the singularity of A C M, for each n there 
exists a unitary element w n G q n Mq n such that || i? a (u n t) n «*) H2 < H^nlb/^- Thus, 
v = ( v n)n £ A w satisfies uvu* _L a contradiction. Thus 1°, 2° are equivalent. 

The implication 1° =^> 4° is shown in Theorem 4.1.(6), and 4° =^ 5° 6° 
are trivial. To see that 5° =^> 1°, assume A is not singular and let v G M be a 
partial isometry such that vv*,v*v are mutually orthogonal projections in A and 
vAv* = Aw*. If it G A w would be a Haar unitary that's 4-independent with respect 
to X = {v, v*}, then the equality vuv*u* = u*vuv* (due to abelianess of A w ) implies 
^ t(vv*) = t(vu*v*uvuv*u*) = 0, a contradiction. Taking X = {v + v*}, this 
actually proves 6° 1° as well. 

The implication 3° =^> 2° is trivial. If N is any von Neumann algebra that 
strictly contains A^, then there exists two orthogonal projections pi,p2 G A w that 
are equivalent via some partial isometry v in N (exercise!). If q = 2~ 1 (pi +P2 + v + 
v*), then q is a projection in iV such that EA^(q) = 2 _1 p, where p = pi + P2- By 
Theorem 4.1, there exists a diffuse von Neumann subalgebra So C A^ such that 
any alternating word in B C and q — 2~ x p has trace 0. Thus, the algebras B p 
and Cg + Cp are free independent, in fact if it G B p is a Haar unitary then it and 
(v + v*)u(v + v*) generate a copy of the free group factor L(F 2 ). Thus, iV cannot 
be amenable. □ 

5.3. Controlling moments through incremental patching. In Theorem 3.9, 
we have proved that if A C M is an arbitrary MASA, then for any countable 
X C M u A w , there exists a diffuse von Neumann subalgebra B C A w such that 
Bq is 2-independent with respect to X. We chose to prove this through a "global" 
construction of finite dimensional approximations of such a 2-independent So- But 
we can also prove this result differently, through the method used in the proofs of 
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the previous section, and which consists in controlling the moments incrementally, 
by patching "infinitesimal pieces" of an appropriate Haar unitary. This method 
does use a technical result from Section 3, namely property (d') of Theorem 3.6, 
but which was already known since [PI] (see also A.l in [P7]): If M is a finite von 
Neumann algebra, A C M a MAS A and X C M A a finite set, then given any 
e > 0, there exists a non-zero projection q G A such that ||q£q||i < sr(q), Va; G X. 

In fact, as shown in 5.3.1 below, the "incremental patching" method can be used 
to obtain a slightly stronger result for arbitrary MASAs A C M, showing that 
one can construct separable, diffuse von Neumann subalgebras Bq C that are 
3-independent with respect to any given countable set X C M u As we saw 
in Theorem 5.2.1, this is the best one can do for an arbitrary MASA, as existence 
of a So that's 4-independent with respect to any given countable set X C M A 
forces A to be singular (in which case Bq can even be chosen free independent with 
respect to the given X). 

5.3.1. Theorem. Let M n be a sequence of finite factors with dimM n — > oo and for 
each n, let A n C M n be a MASA. Denote by A = A n C n w M n . Let Q C n w M„ 
6e an arbitrary separable von Neumann subalgebra such that Ea(Q) = A D Q, i.e. 
Q and A C n w M n mofc a commuting square, and denote B\ = A fl Q. There 
exists a diffuse von Neumann subalgebra Bq C A swc/i t/iat So is 3-independent 
to Q Si, more precisley: r(xa) = 0, Vx G Q, a G S C; r(xiaiX2a2) = 0, 
r(xiaiX2a2a;303) = 0, Vx^ G QQB\, G S o 0C (N.B.: the odd level independence 
relations follow from the even ones) . 

Proof. We proceed along the lines of the proofs of Lemmas 4.5, 4.7 and Theorem 
4.1, from the previous section. If F is a subset in a von Neumann algebra and v a 
partial isometry with vv* = v*v, then we denote 

F^ n = {llj ,r\r, | Xj G F, 1 < |^-| < n, 1 < j < fc}}. 

We first prove the following: 

.Fact. Let M be a finite von Neumann algebra and A C M & MASA. Given any 
finite set F C M A, with ||x|| < 1, Vx G S, any n > 1 and any 5 > 0, there exists 

3 

a Haar unitary v <E A such that \r(x)\ < 5, Vx G S^ n . 

To prove this, denote by W = {v G A \ vv* G "P(A),|r(x)| < 5r(f*w),Vx G 
U| =1 S^ n , r(v m ) = 0,Vm 7^ 0}. Endow W with the order < in which w\ < w 2 iff 
wi = W2W*wi. (W,<) is then clearly inductively ordered. Let v be a maximal 
element in W . Assume r(v*v) < 1 and denote p = 1 — If is a partial 

isometry in Ap and it = w + w, then by using that u tj = v tj + w lj and expanding 
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x = u ll xiu l2 X2---u lk Xk G F£ , k = 1,2,3, as a binomial product, we have t(x) = 
T (Hj=i vljx j) + TiT(...Xj-iw lj Xj....), and thus 

(1) \t(x)\ < |-r(nj =1 ^^)| + (...,-, ,,^,-,....1. 

where the sum is taken over all terms that have at least one occurrence of w lj . 
Since v G W, we have \r(Il'j =1 v lj Xj)\ < 5t(vv*). We will prove that we can choose 
w 7^ so that the summation on the right hand side of (1) is majorized by 5t(ww*), 
giving \t(x)\ < St(vv*) + St(ww*) = 5t(uu*). This will contradict the maximality 
of v, thus showing that vv* = 1, i.e v a Haar unitary in A. We construct w by first 
making an appropriate choice for its support projection q = ww*, then choosing w 
as an appropriate Haar unitary in Aq. 

In order to estimate the summation T,\T(...Xj-iw li Xj....) \ in (1), note the follow- 
ing: in case k = 1 the sum has just one member, being of the form \r(w J y)\, for 
some 1 < \j\ < n, y G X; in case k = 2, the sum has three terms, being of the form 

(2) \t(w Ji XiV j2 X2) I + \t{v 3i XiW 32 X2) I + \t(w Ji xiw J2 X2)\; 
in case k = 3, the sum has seven terms, being of the form 

(3) \t(w Ji XiV J 2 X2V J 3 X 3)\ + \t(v Ji XiW j2 X2V J3 X3) I + \r(v J1 X\V n X2W 33 £3)1 

+ \t(w Ji X\W n X2V 33 £3)1 + \t(v Ji XiW j2 X2W J3 X3) I + |r(w- n £i'i' : ' 2 ;E2ty : ' 3 £3)| 

+ 1 r ( w 3 1 a; 1 w J 2 x 2 w 3 3 x 3 ) | . 

Now note that for each summand for which we have 2 or 3 appearances of non-zero 
powers of w in the above sums (one term for k = 2 and four terms for k = 3) , such 
appearances must be consecutive, i.e. they will be of the form \r{....w l yw 3 ...) |, 
for some i,j 7^ 0, y G F C M A (for one of the terms, one uses the equality 
t(w 31 x\v 32 X2W 33 £3) = t(xiv 32 X2W 33 X3W 31 )) . Ifq = ww* , then for each one of these 
terms we have \r(....w l yw 3 ...)\ < \\qyq\\i- By (2.1 in [PI], or A. 1 in [P 7]), or by using 
3.6(d') in this paper, applied to the MASA Ap C pMp and the set pFp C pMpQAp, 
one can choose the non-zero projection g G such that || (/yg ||i < 2 _3 5r((3 , ), 
Vy G pFp. It thus follows that the sum of terms having two or more appearances 
of powers of w are majorized by 2~ 1 dr(q) (because there are 2 such terms when 
k = 2 and 4 when k = 3). 

All remaining terms and the case /c = 1 have just one occurrence of w 3 \ j 7^ 0, i.e 
are of the form \r(yiw 3 y2) \ = \r(w- i E a(<Z2/2?/i(z))|, for some y\, y2 G M, 1 < |j| < n. 
There are k many such terms for each k = 1,2,3. Let's denote by Y the set of 
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all y i,?/2 which appear this way, and note that this is a finite set in M. Thus 
Y = EA(qY ■ Y q) is finite as well. It is sufficient to find now a Haar unitary 
in Aq such that \r{w^y)\ < 2~ 8 5r(q), Vj/ G Y, 1 < \j\ < n, because then the 
sum of the k terms will be majorized by 2~ 1 Sr(q) which added up to the quantity 
2~ 1 5r(q) that majorizes the terms with at least 2 occurrences of powers of w gives 
that \/x G U| =1 F^ n , we have \r(x)\ < 5t(uu*). Since Aq is diffuse, it contains 
a separable diffuse subalgebra A C Aq, which is isomorphic to L°°(T) with the 
Lebesgue measure corresponding to r(q)~ 1 T\A i) - Let then wo G A be a Haar unitary 
generating Aq. Since w™ tends to in the weak operator topology and Y C A is 
a finite set, there exists no > n such that \T(w™y)\ < 2~ 4 5r(q), for all y G 1" and 
|m| > no- But then w = Wq° is still a Haar unitary and it satisfies all the required 
conditions. 

This ends the proof of the Fact. 

With this in hand, we proceed as follows: Let Xq C Q be || ||2-dense countable 
subset and denote by X = {y/\\y\\ \ y = x — Ea.(x),x G Xq \ A}. Note that X 
is a countable subset of M A and each element in X has operator norm equal 
to 1. Write X as a sequence {x n } n . For each n we now apply Step 1 to the set 
F n = {xi, ...,x n } and 5 = 1/n, to get a Haar unitary v n G A such that 

(4) \T(U^ =1 viix t .)\ < 1/nMijltj G {1, n}, k = 1, 2, 3. 

Let X n (^n,m)m? = K,m)m be representations of the x n 's and u n 's with 
^n,m G M m , ||x n;m || < 1, ii„ im G U(A m ). Thus, (4) and the fact that v n are Haar 
unitaries, translates into 

(5) lim r«J = 0, Vfc ^ 0; lim |r(n£ =1 i# x t ,, m ) | < 1/n, V|z,-|, ^ G {1, 

From (5), it follows that for each n, there exists a neighborhood V n of w such that 
for all m G V n we have 

(6) |r« m )| < l/n,l < < n; |r(nj =1 ^ m x t ,, m )| < 1/n, V|z,|, ^ G {l,...,n}. 

Finally, let it = (w m ) m G A be defined by n m = v njm , for all m G V n \ V n -i- It is 
then immediate to check that u is a Haar unitary element in A and that the von 
Neumann algebra So it generates satisfies the required 3-independence conditions. 

□ 

5.4. More on the incremental patching method. The technique used in 
Section 4 and in 5.4.1 above, of building Haar unitaries u that are n-independent 
with respect to certain sets, by "patching" together infinitesimal pieces of u, was 



KADISON-SINGER PROBLEM 



43 



first considered (2.1 on [P5]), to prove that given any countable set X in a finite 
von Neumann algebra M and any diffuse abelian von Neumann subalgebra A C M, 
there exists a Haar unitary u G A w such that any word that alternates letters from 
X and positive powers of u, has 0-trace. It was then used systematically in [P8] 
to prove that given any sequence of inclusions of finite von Neumann algebras 
N n C M n with the property that for each n there exists an increasing sequence 
of intermediate algebras N n C N% /* M n such that N' n fl N% is atomic Vfc, n, 
then given any countable set Y C n^M n (n w iV^ fl LT^Mn), there exists a Haar 
unitary u G n^A n such that {u n n G Z} and Y" are free independent relative 
to (U u N n )' fl HujMn = Yl U) (N^ l fl M n ), i.e. any alternating word with letters in Y 
and {u n | n ^ 0} has expectation on (n^A n )' fl n^M n . As a consequence, the 
following result is obtained (2.1 in [P8]): 

5.4.1. Theorem [P8]. Let {N n C M n } n be a sequence of inclusions of type II i 
t?on Neumann algebras. Assume that for each n there exists an increasing sequence 
of intermediate von Neumann subalgebras N n C /• M n such that N' n fl N% 
is atomic Wk. Let Po,P\ be separable von Neumann subalgebras ofIL u M n with a 
common subalgebra B C Po, Pi, such that ^n^AT^nn^M^ (Pi) = B for i = 0, 1, i.e., 
/or each i = 0,1, £/ie algebras Hu,N^ fl n^M n anrf Pj mofc a commuting square, 
with intersection (Tl u N^ D n w M n ) fl Pj = 5. T/ien there exists a unitary element 
v G Tl^Nn such that Pq V vP±v* = Pq * vP\v* , i.e. the algebras Pq and vP\v* 

B 

generate an amalgamated free product over B. 

As already pointed out in (2.2. of [P8]; 4.3 in [P10]), the above theorem implies 
paving results (equivalently, relative Dixmier property) for ultrapowers of inclusions 
of factors with trivial relative commutant. 

But in fact, 5.4.1 had several other applications over the years: Thus, it played an 
important role in developing reconstruction methods in Jones theory of subfactors 
in ([P6], [P9], [Pll]; see also the remarks in Section and 2.5 in [P8]). Related to 
this, it led to the definition of amalgamated free products of inclusions of finite von 
Neumann algebras in [P6] (based also on the definition of reduced-C* amalgamated 
free product over a conditional expectation in [V]). It was also used to prove key 
technical results in ([IPeP], [Va]) and to show that the free product of standard 
invariants of subfactors defined in ([BiJ]) can be realized in the hyperfinite II i 
factor R (see A. 3 in [IPeP] and [Va]). On the other hand, Theorem 5.4.1 provides 
embedability results for amalgamated free products of algebras. For instance, by 
applying 5.4.1 to the case N n = M n are all equal to the same factor M (e.g. 
M = R), one gets that if Po, Pi can be embedded into M u , then so can Pq * Pi. 
More generally, 5.4.1 shows that if Po, Pi are embeddable into and B C Po, Pi 
is a common atomic subalgebra then P *b A is embeddable into M u as well. 
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5.5. Free actions on A u have Bernoulli quotients. A concrete example of 
a subalgebra So C A w satisfying the 3-independence property in Theorem 5.3.1 
(Thus 3.9 as well) is the following: Let r rx X be an ergodic (but not necessarily 
free) measure preserving action of a discrete group Y on a probability space (X, fi) 
and Y rx Y = [0, l] r be the Bernoulli T-action with diffuse base. Let A = L°°(X) 
L°°{Y) with r rx A the product action. Let M = A x T. If we take B x = 
L°°{x), Q = Bi»rcMandB = l® L°°([0, 1]) 1 C L°°(Y), the base of 
the Bernoulli action, viewed as a tensor component of the infinite tensor product 
L°°(y) = ® 5er (L oo ([0, 1])) 9 , then it is easy to see that B is 3-independent with 
respect to Q © B\. In fact, even if we take Q to be M itself, with B\ = A, we can 
take inside A u the algebra So to be defined as follows: let g n G Y be a sequence 
that tends to oo in T and B = {(g n (x)) n \ x G L°°([0,1])} C A w . Then B is 
3-independent to M A. One should notice that Bq this way constructed is the 
base of a Bernoulli action on A\ = V g g(Bo), with A\ r independent to A and the 
von Neumann algebra generated by T, A, A\ is isomorphic to A A\ xT. 

This construction can actually be recovered "asymptotically" inside any group 
measure space von Neumann algebra, as we will show next. The proof of this result 
is another application of the method of controlling moments through "incremental 
patching" . 

5.5.1. Theorem. Let A n C M n be a sequence of MASAs in finite factors with 
dimM n — >■ oo and denote A = 11^^ C H w M n — M. Assume V C A/m(A) is a 
countable group of unitaries acting freely on A. Given any separable abelian von 
Neumann subalgebra B\ C A, there exists a separable diffuse abelian subalgebra 
A C A such that: A, B\ are r -independent, Y normalizes A, and the action of Y 
on A is a Bernoulli Y-action with diffuse base. 

Proof. Let {u g \ g G Y} be the unitaries in Y. We will construct a Haar unitary v 
in A such that B\ and u g {v n \ n G g G Y, are all mutually independent, i.e. 

given any finite set of distinct group elements gi,...,gk G T, any non-zero integers 
ni, ...,n/o, and any b G B±, we have T(bYLj =1 u gj v nj u g .) = 0. Let Y = {g n }n be an 
enumeration of Y \ {1} and {b n } n a || ||2-dense subset of the unit ball of B±. If v is 
a partial isometry in A, then we denote by F VyTl the set of all elements of the form 
biYlj^Ug.v 771 ^*., where 1 < i < n, 1 < k < n, \rrij\ < n. 
We first prove the following: 

Fact. Given any n > 1 and any 5 > 0, there exists a Haar unitary v G A such 
that \t(x)\ < 5, Vx G F Vjn . 

To prove this, denote by W = {v G A \ vv* G V(A), \r(x)\ < 5r(v*v)^x G 
F v , n , T{v m ) = 0,Vm 7^ 0}. Endow W with the order < in which w\ < w 2 iff 
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wi = W2W*wi. (W, <) is then clearly inductively ordered. Let v be a maximal 
element in W . Assume r(v*v) < 1 and denote p = 1 — v*v. If w G Ap is a partial 
isometry satifying r(w k ) = 0, V/c 7^ 0, and we denote u = v + w, then we have 

(1) M>i ,»</,""''";, = W ,"<,,<'"' ; »;; ; + £^=i*%* m S, 

where z G {v, w} and the sum is taken over all possible choices for z = v or z = w, 
with at least one time z = w (thus 2 k — 1 many terms in the summation). We thus 
get the estimate 

(2) r^II* < \T{b 3 Tl k 3=1 u gj v^u* gj )\ + E|r(& J JI* =1 « ffJ z"X J )| 

where the summation S' contains the terms with just one occurrence of z = w 
and E" is the summation of the terms that have at least 2 occurrences of z = w. 
Since A is abelian, the terms u 9j z mj u*_ in a product can be permuted arbitrarily. 
Thus, in each summand of E" we can bring two of the occurrences of w so that 
to be adjacent, thus of the form yiUg j w rnj u*.u gi w mi u* i y2. Since gi 7^ gj for all 
i 7^ j and the group V acts freely on A, it follows that there exists a non-zero 
q G V(Ap) such that qu*.u gi q = for all 1 < % 7^ j < n. This shows that E" is 
for any choice of w having support q satisfying this condition. We now choose w 
exactly like in the proof of 5.4.1, to make E' < 5t(ww*), altogether showing that 
\T(bjUj =1 u gj u rnj u* j )\ < St(vv*) + St(ww*) = 5t{uu*). This ends the proof of the 
Fact. 

Using this Fact, one then proceeds exactly as in the last part of the proof of 5.4.1 
to obtain a Haar unitary v in A such that Bi and u g {v n \ n G g G T, are all 

mutually independent. 

□ 

5.6. Exact paving size for ultraproducts of singular MASAs. The order 
of magnitude of the paving size in Corollary 4.3 should be e~ 2 , for any x, not only 
for x = v unitary element with E^{v) = and projections that expect on scalars 
(i.e., the cases covered by Cor 4.2). We pose here two questions which, if answered 
in the affirmative, would imply this fact: 

(a) Can any x with Ej±(x) = and norm < 1/2 (or of norm < c for some other 
universal constant c > 0) be written as a convex combination of unitaries having 
0-expectation on A? If so, then 4.2.1° would imply that n(x,e) is majorized by a 
constant multiple of e~ 2 for any x G M u . 
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(6) Is it true that if M is a Hi factor and x = x* 6 M 9 C, « 6 U(M) a 
Haar unitary, such that r(u 11 xu l2 x...) = 0, for any alternating word with ij ^ 0, 
then ||£™ =1 it*:ru _ *|| has order of magnitude ^Jn ? Again, if this would hold true in 
this generality, then we would not need Proposition 2.3 at the end of the proof of 
Theorem 4.3, the result following directly from 4.1(a), with the estimate e~ 2 for 
the order of magnitude of the paving size. 

5.7. Final comments on Kadison-Singer. While we have not been able to settle 
the classic Kadison-Singer problem in its equivalent formulations of Theorem 2.2, 
i.e., by proving that one can pave all elements in i? w (resp. in M = II a; M nXn (C)) 
over its MASA D u (resp. D = H^Dn), we believe this is true and that the strategy 
we have developed here can be used to settle the problem. Of course, the resulting 
paving would be "non-free" in general. One should mention in this respect that 
a more careful "incremental patching" analysis as in Section 4, shows that any 
x G R u e MiD ")" (resp. x G M J\f(D)") can be paved. As for x = x* G 
J\T(D U )" D" with ||x|| < 1, one can show the following: Me > 0, 3 p t G V{D UJ ) 
finite partition, such that y = Y^pixpi satisfies \\yq — vq\\2 > (1 — e)||o||2, for all 
v G A/^-D^), q G V{D UJ ). In other words, one can make x "almost" perpendicular 
to N(D^). Similarly for D C M. From this point on, the incremental control of 
the moments should be done so that for some fixed, universal 1 > c > 0, one has 
T(y 2n ) < c 2n . We do believe this can be done, and that in fact the following more 
general conjecture holds true (which by 2.2 solves the classic KS as well): 

5.7.1. Conjecture: Given any sequence of MASAs in finite factors, A n C M n , the 
ultraproduct inclusion H^An C Il w M n has the Kadison-Singer (equivalently, the 
paving) property. 



References 

[Ak] C. Akemann: The dual space of an operator algebra, Trans. Amer. Math. Soc. 
126 (1967), 286-302. 

[AkA] C. Akemann, J. Anderson: "Lyapunov theorems for operator algebras", Mem. 
AMS 94 (1991). 

[AkO] C. Akemann, Ostrand: Computing norms in group C* -algebras, Amer. J. Math. 
98 (1976), 1015-1047. 
[Al] J. Anderson: Extensions, restrictions and representations of states on ^-alge- 
bras, Trans. Amer. Math. Soc. 249 (1979), 303-329. 
[A2] J. Anderson: Extreme points in sets of positive linear maps on B(H), Jour. 
Functional Analysis 31 (1979), 195-217. 
[BeHKW] K. Berman, H. Halpern, V. Kaftal, G. Weiss: Matrix norm inequalities and the 
relative Dixmier property Integral Equations and Op. Theory 11 (1988), 28-49. 



KADISON-SINGER PROBLEM 



47 



[BiJ] D. Bisch, J.F.R. Jones: Algebras associated with intermediate subfactors, Invent. 

Math. 128 (1997), 89-157. 
[BT] J. Bourgain, L. Tzafriri: On a problem of Kadison and Singer, J. Reine Angew. 
Math. 420 (1991), 1-43. 
[CaFTW] P. Casazza, M. Fickus, J. Tremain, E. Weber: The Kadis on- Singer Problem in 
Mathematics and Engineering: a detailed account, in "Operator theory, operator 
algebras, and applications" 299-355, Contemp. Math., Vol. 414, Amer. Math. 
Soc, Providence, RI, 2006. 
[CI] A. Connes: Classification of infective factors, Ann. of Math., 104 (1976), 73-115. 
[C2] A. Connes: A type Hi factor with countable fundamental group, J. Operator 
Theory 4 (1980), 151-153. 
[CFW] A. Connes, J. Feldman, B. Weiss: An amenable equivalence relation is generated 
by a single transformation, Erg. Theory Dyn. Sys. 1 (1981), 431-450. 
[Dl] J. Dixmier: Sousanneaux abeliens maximaux dans les facteurs de type fini, Ann. 

of Math. 59 (1954), 279-286. 
[[D2] J. Dixmier: "Les algebres d'operateurs dans l'espace hilbertien", Gauthier-Vill- 

ars, Paris 1957, 1969. 
[Dy] H. Dye: On groups of measure preserving transformations II, Amer. J. Math, 
85 (1963), 551-576. 

[F] J. Feldman: Nonseparability of certain finite factors, Proc. Amer. Math. Soc. 
7 (1956), 23-26. 

[IPeP] A. Ioana, J. Peterson, S. Popa: Amalgamated Free Products of w-Rigid Factors 
and Calculation of their Symmetry Groups, Acta Math. 200 (2008), 85-153 
[KS] R.V. Kadison, I.M. Singer: Extensions of pure states, Amer. J. Math. 81 (1959), 
383-400. 

[KR] R.V. Kadison, J. Ringrosse: "Fundamentals of the theory of operator algebras" , 

Pure and Applied Mathematics, 100, Academic Press, Inc. New York, 1983 
[Ke] H. Kesten: Symmetric random walks on groups, Trans. Amer. Math. Soc. 92 
(1959), 336-354. 

[MvNl] F. Murray, J. von Neumann: On rings of operators, Ann. Math. 37 (1936), 
116-229. 

[MvN2] F. Murray, J. von Neumann: Rings of operators IV, Ann. Math. 44 (1943), 
716-808. 

[OW80] D. Ornstein, B. Weiss: Ergodic theory of amenable group actions I. The Rohlin 
Lemma Bull. A.M.S. (1) 2 (1980), 161-164. 
[PiP] M. Pimsner, S. Popa: Entropy and index for subfactors, Annales Scient. Ecole 
Norm. Sup. 19 (1986), 57-106. 
[PI] S. Popa: On a problem of R. V. Kadison on maximal abelian *-subalgebras in 
factors, Invent. Math., 65 (1981), 269-281. 



48 



SORIN POPA 



[P2] S. Popa: Orthogonal pairs of *-subalgebras in finite von Neumann algebras, J. 

Operator Theory, 9 (1983), 253-268. 
[P3] S. Popa: Singular maximal abelian *-subalgebras in continuous von Neumann 

algebras, J. Funct. Analysis, 50 (1983), 151-166. 
[P4] S. Popa, Maximal infective subalgebras in factors associated with free groups, 

Advances in Math., 50 (1983), 27-48. 
[P5] S. Popa: The commutant modulo the set of compact operators of a von Neumann 

algebra, J. Funct. Analysis, 712 (1987), 393-408. 
[P6] S. Popa, Markov traces on Universal Jones algebras and sub) "actors of finite index, 

Invent. Math., Ill (1993), 375-405. 
[P7] S. Popa: Classification of amenable subfactors of type II, Acta Mathematica, 

172 (1994), 163-255. 

[P8] S. Popa: Free independent sequences in type Hi factors and related problems, 

Asterisque, 232 (1995), 187-202. 
[P9] S. Popa, An axiomatization of the lattice of higher relative commutants of a 
subfactor, Invent. Math., 120 (1995), 427-445. 
[P10] S. Popa: The relative Dixmier property for inclusions of von Neumann algebras 

of finite index, Ann. Sci. Ec. Norm. Sup. 32 (1999), 743-767. 
[Pll] S. Popa, Universal construction of subfactors, J. reine angew. Math., 543 (2002), 
39-81. 

[P12] S. Popa: On a class of type Hi factors with Betti numbers invariants, Ann. of 

Math 163 (2006), 809-899 (math.OA/0209310). 
[P13] S. Popa: On the distance between MASA 's in type Hi factors, Fields Institute 

Communications, 30 (2001), 321-324. 
[P14] S. Popa: Strong Rigidity of Hi Factors Arising from Malleable Actions ofw-Rigid 

Groupsl, Invent. Math., 165 (2006), 369-408. (math.OA/0305306). 
[P15] S. Popa: Strong Rigidity oflli Factors Arising from Malleable Actions ofw-Rigid 

Groups 11, Invent. Math., 165 (2006), 409-453. (math.OA/0407137). 
[Va] S. Vaes: Factors of type III without non-trivial finite index subfactors, Trans. 

Amer. Math. Soc. 361 (2009), 2587-2606. 
[V] D. Voiculescu: Symmetries of some reduced free product C* -algebras, In: "Op- 
erator algebras and their connections with topology and ergodic theory", Lect. 

Notes in Math. Vol. 1132, 566-588 (1985). 
[W] F. B. Wright: A reduction for algebras of finite type, Ann. of Math. 60 (1954), 

560-570. 

Math. Dept., UCLA, Los Angeles, CA 90095-1555 
E-mail address: popa@math.ucla.edu 



